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Solar wind and space plasma turbulence 



In this lecture 
 

0. Solar wind : weakly collisional / fluid behaviour   
 
1. Solar wind turbulence at MHD scales, f=[10−4,10−1]Hz, l=[104,107]km 

 - spectra of different physical quantities (B,V,ne)  
 - k-anisotropy 
 - intermittency 

 
2. Turbulence around ion scales, f=[0.1-1]Hz, l=[103,104]km 

 - spectral shape and transition scale (Larmor radius? Inertial length? …?)   
 - coherent structures 
 - ion instabilities and waves  

 
3. Turbulence at sub-ion & electron scales f > 3Hz, l < 200 km 
(up to the observational limit of 400 Hz, 300 m)   

 - general spectrum? 
 - dissipation of e/m turbulence at electron scales ? 
 - nature of fluctuations: oblique waves + coherent structures…  
 - parallel whistlers waves and electron instabilities  



Closest stellar wind where we can do in-situ measurements with a 
number of space missions  

The solar wind 
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plasma : ionized 
gas (e- , p+, α+) 

§  Expansion of the solar corona in interplanetary space  
§  Plasma: ionized gas, essentially e- and p+ (+5% of heavier ions) 
§  Mean speed ~500 km/s; density ~5cm-3, temperature (e-,p+) ~20 eV  
§  Few collisions (1 collisions/1AU) => conductivity ~ ∞ (viscosity η = 0) => 

magnetic field is frozen in plasma 
§  Solar wind transports coronal magnetic filed 

@tB = r⇥ (V ⇥B) + ⌘�B



Magnetic field of the Sun:  
slow and fast streams and 11 years cycle 

- Fast wind blows out from the coronal holes (open field lines). 
Slow wind – from the coronal streamers, above the closed field 
lines and along the heliospherical current sheet (c.f. purple zone). 
- Every 11 years magnetic dipole of the Sun reverses.  



Magnetic field of the Sun:  
Parker’s spiral  

Sun rotation =>  
 
Interplanetary magnetic field 
form a spiral  
(1 step = 6 AU = 25 days, 
for Vsw=400km/s) 
 
Predicted by Gene Parker 



Solar wind (slow and fast)  
and the 11 years solar cycle 

Two components, Slow and Fast streams : 
Slow : V = 300-400km/s, n=5-25cm-3, Tp= 5-20eV, Te=5-20eV, B~5nT, β~1 
Fast : V = 500-800km/s, n=1-10cm-3, Tp=10-30eV, Te=5-20eV, B~5nT, β~1 

 Mean free path ~ 1 AU (Sun-Earth distance) ! 

[McComas et al. 2003] 
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Manifestations of a fluid behavior 
1.  Interaction of the supersonic solar wind with a planetary magnetosphere 

=> formation of the shock wave in front of the magnetosphere 
2.  Since the 1st satellite observations in the Heliosphere, we observe 

turbulent spectra of fluctuations.  

magnetosheath 

Solar wind 
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Why is the fluid description is possible without collisions?  
– presence of plasma characteristic scales much smaller 

than the size of the system.  
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Scales

Frozen-in magnetic field

Plasma scales (solar wind) 
•  Larmor radius (ρi,e) and cyclotron frequency (Ωci,e) of a charged 

particle (electron or ion=proton) in a magnetic field B: 

•  Inertial length λi,e (scale of the demagnetization of the particles) and 
plasma frequency (ωp) : 

•  Debye length λD (sphere of influence of a given test charge in a plasma); 
at L>λD plasma is quasi-neutre : 

B

p
e

⇢i,e =
V?i,e

⌦ci,e
; ⌦ci,e = 2⇡fci,e =

eB

mi,ec

⇢i=p ' 50 km; fci ' 0.1 Hz

⇢e ' 1 km; fce ' 300 Hz

�i,e =
c

!pi,e
; !2

pi,e = 2⇡fpi,e =
4⇡ne2

mi,e

�i=p ' 40� 150 km; fpi ' 450 Hz

�e ' 1� 3 km; fpe ' 20 kHz

�D =

r
kBT

8⇡ne2
' 10 m



Dissipation 
range ~ exp 

HD 

dissipation 

forcing 

Inertial range    

1) velocity field energy~k-5/3 (scale 
invariance, same physics at all 

scales l) [Kolmogorov’41] 

2) intermittency : deviation from the 
Gaussianity at small l 

δv 

l 

Locally unpredictable, but statistical properties are 
predictable and universal 

Turbulence 

The Kolmogorov spectrum can be observed almost in all turbulent flows. 



And what about space plasma turbulence? 

§  How is it different from HD turbulence? 

§  Does it share the above universal 
characteristics, as power-law spectra and 
intermittency ?  

§  What about dissipation ?   



Turbulence in space plasmas 
B0 plasma (MHD) 

1.  Presence of a mean magnetic field B0 leads to an anisotropy of turbulent 
fluctuations.  

2.  Plasma waves: Alfven, magnetosonic, mirror, wistlers, kinetic Alfven waves 
(KAW), etc… (wave turbulence). 

3.  No collisions : m.f.p. ~ 1 AU. 
4.  In plasmas there is a number of characteristic space and temporal scales. 

hydrodynamics 



~ 8 (and more) decades in scales (frequencies)  
~ 14 decades in energy density ! 

[Kiyani et al. 2015] 

Magnetic turbulence in the solar wind 
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[Coleman et al. 1968] 



How do we measure turbulent spectra 
in space? 

 
Frequency/k-spectra? 



Satellites in-situ measurements are time series 
 => Fourier Transform (signal) gives frequency spectra: 

Methods for Characterising Microphysical Processes in Plasmas

Fig. 1 Example of solar wind observations by CLUSTER. This time interval was used to study turbulence by
Bale et al. (2005). The plots show: (a) Bx(t); (b) Fourier and Morlet wavelet spectra of Bx(t), f −5/3 is in-
dicated by a dashed line, frequency range ∆f where the fitting was done is delimitated by two vertical dotted
lines; (c) Compensated wavelet spectrum by f 5/3–function (solid line) and by f 3/2–function (dashed-dotted
line); (d) Compensated Fourier spectrum by f 5/3–function

[Dudok de Wit et al. 2013, SSR] 

How do we get k-
spectra?  

 
Taylor hypothesis:  

` = Vsw⌧ = Vsw/f

k = 2⇡/` = 2⇡f/Vsw

- example of Cluster/FGM 
(5 vectors/sec measuremets)  



Taylor hypothesis 	

!
obs

= !0 + k ·V
Supposing that ω0 << k.V, (Vϕ << V) : 

!
obs

= k ·V = kV cos(⇥

kV

)

We don’t know the angle between k and V => assumption 
of k || V:     

!
obs

= kV ! k = 2⇡f/V k ? B

k

V

⇥kV

⇥BV

!
obs

= k? ·V = k?V cos(⇥

kV

) = k?V sin(⇥

V B

)

[Leamon+2000, Mangeney+2006, Bourouain+2012] 

For 2D turbulence: k ? B ! cos�kV = sin�BV



Solar wind Turbulence and Alfven waves  
[Gosling et al., 2009; Belcher & Davis 1971]  

§  Strong correlation between V and B fluctuations at 1 AU (Alfven waves) 
§  These waves belong to f-1 spectral range.  
§  Kolmogorov turbulence is observed at smaller scales (MHD) .  

[Bruno & Carbone, 2013] 
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Starting point of the Kolmogorov spectrum 

[Bruno & 
Carbone, 2013] 

•  The eddy-turnover time: 

•  The solar wind expansion time: 

⌧
exp

= R/V
sw

⌧NL = `/�V`

•  Transition between f-1 and f-5/3 spectrum corresponds to a scale where  
these 2 characteristic times are of the same order [Mangeney et al. 
1991; Meyer-Vernet 2007]:  ⌧

exp

' ⌧
NL

`, �V`R, Vsw
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Solar wind Turbulence and Alfven waves  

•  Large scales fluctuations have Alfvénic nature dV ~ dB  
•  However, turbulent spectra for B and V are different…  
•  Why?  

 - Local dynamo process [Grappin et al., 1983] ? 
 - B-V alignment [Boldyrev et al. 2005]  
 - Compressibility ?  

[Podesta et al., 2007; Salem 2000, PHD] 



Solar wind turbulence is compressible O. Alexandrova et al.

Fig. 3 Spectrum of electron
density fluctuations ne measured
by the ISEE 1–2 spacecraft: two
distinct power-laws are observed,
the spectrum follows
∼ f −1.67±0.05 within the
frequency range
[10−3,6 · 10−2] Hz, the
spectrum is about f −0.9±0.2 at
f > 6 · 10−2 Hz. Around 1–2 Hz
the spectrum seems to change
again, however, this high
frequency range is too narrow to
make any firm conclusion (the
maximal measured frequency is
5 Hz). Figure from Celnikier
et al. (1983)

2.2 Intermittency

In hydrodynamics, the amplitude of the fluctuations at a given scale—and hence the lo-
cal energy transfer rate—is variable, a property known as intermittency, i.e. turbulence and
its dissipation are non-uniform in space (Frisch 1995). This results in the turbulence be-
ing bursty, which can be easily seen from the test of regularity of turbulent fluctuations
(Mangeney 2012). Usually, turbulent fluctuations at different time scales τ are approxi-
mated by increments calculated at these scales, δyτ = y(t + τ ) − y(t). The time aver-
ages of these increments are called “structure functions” (for more details see the paper
by Dudok de Wit et al. 2013 in this book). In the presence of intermittency, the scaling
of higher order moments of the structure functions diverges from the simple linear be-
havior expected for non-intermittent, Gaussian fluctuations: in essence, at smaller scales,
there are progressively more large jumps, as the turbulence generates small scale structures.
This behavior is also observed in the solar wind on MHD scales (Burlaga 1991; Tu and
Marsch 1995; Carbone et al. 1995; Sorriso-Valvo et al. 1999; Veltri and Mangeney 1999;
Veltri 1999; Salem 2000; Mangeney et al. 2001; Bruno et al. 2001; Sorriso-Valvo et al. 2001;
Hnat et al. 2003; Veltri et al. 2005; Bruno and Carbone 2005; Leubner and Voros 2005;
Jankovicova et al. 2008; Greco et al. 2009, 2010; Sorriso-Valvo et al. 2010). Figure 4 shows
probability distribution functions (PDF) of the tangential component of the standardized
magnetic field fluctuations #By = δBy/σ (δBy), σ being the standard deviation of δBy (in
RTN coordinates6) computed for three different time scales τ . Intermittency results in the
change of shape, from the large scale Gaussian to the small scale Kappa functions.

Intermittency is a crucial ingredient of turbulence. Being related to the full statistical
properties of the fields, its characterization can give an important insight on the nature of
turbulence and on possible dissipation mechanisms of turbulent energy.

Note, as well, that as far as the third-order moment of fluctuations is related to the energy
dissipation rate and is different from zero (see the K4/5 law, Eq. (1)), turbulence must shows
some non-Gaussian features.

Solar wind observations have shown that the intermittency of different fields can be re-
markably different. In particular, it has been observed in several instances that the magnetic

6R is the radial direction, N is the normal to the ecliptic plane and T completes the direct frame.

Spectrum of electron 
density fluctuations in the 

solar wind as measured by 
ISEE 1 & 2 

See as well Chen et al. 13  

Can the compressibility be the source of the non-alfvenisity of the 
inertial range in the solar wind turbulence?  
see S. Galtier, Les Houches 2015 cours, page 48:  

[Celnikier et al. 1983, A&A]  
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Anisotropy 

B0 plasma (MHD) 

Presence of a mean magnetic field B0 leads to an 
anisotropy of turbulent fluctuations: 
-  anisotropy in amplitudes of fluctuations; 
-  anisotropy in topology (wave vectors).  

hydrodynamics 



If Taylor hypothesis (Vϕ<< V) is verified ⇒ variation of field-flow angle allows to resolve 
slab fluctuations while V is || to B and 2D fluctuations while V is ⊥ to B. [Bieber et al., 

1996; Mangeney et al., 2006; Horbury et al., 2008; Alexandrova et al. 2008, …] 

B0 V 

V 

B0 Slab 2D 

k-anisotropy of turbulent fluctuations 
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[Horbury] 

Slab 2D 



[Matthaeus et al. 1990, Bieber et al. 1996]: 2D + slab 
[Horbury et al., 2008, PRL]: anisotropic cascade kperp

-5/3, k||
-2   

Results obtained using a large statistical simple (30 days of data) ;  
confirmed by Podesta et al. [2009] and Wicks et al. [2010]  

=> general result.   

2D: kperp>>k|| 

Anisotropy of turbulent fluctuations at MHD scales 



Solar Wind Turbulence and the Role of Ion Instabilities

Fig. 1 Trace of the spectral
matrix of magnetic field
corresponding to the field being
parallel (θBV ∈ [0,10]◦) and
perpendicular (θBV ∈ [80,90]◦)
to the plasma flow are shown by
blue lines, the total Fourier
spectrum is shown in gray. The
field-perpendicular spectrum P⊥
dominates turbulence within the
inertial range, it follows a
power-law with the spectral index
−5/3. The field-parallel
spectrum P∥ has lower power, is
steeper and has the spectral slope
−2. At the energy injection scales
f < 5 · 10−4 Hz (kρi < 2 · 10−3)
the fluctuations are isotropic and
their spectrum follows ∼ f −1.
Courtesy of R. Wicks. The same
figure as a function of kρi can be
found in Wicks et al. (2010)

AU from the Sun). As the spacecraft only measures wave vectors k parallel to Vsw, for
small flow-to-field angles θBV ∈ [0,10]◦, P∥ (nT2/Hz) represents an E(k∥) spectrum, and
for quasi-perpendicular angles θBV ∈ [80,90]◦, P⊥ (nT2/Hz), is the proxy of E(k⊥). The
total Fourier power, without separation into different angles is also shown. Within the en-
ergy injection range, the fluctuations are found to be isotropic, P∥ ≃ P⊥, and both spectra
follow an ∼ f −1 power-law in agreement with previous observations (Bruno and Carbone
2005). In the inertial range one observes a bifurcation of the two spectra: the perpendicular
spectrum follows the Kolmogorov’s slope, E(k⊥) ∼ k

−5/3
⊥ , while the parallel spectrum is

steeper, E(k∥) ∼ k−2
∥ . This result, initially seen in fast wind measured by Ulysses (Horbury

et al. 2008) has been confirmed by several other studies (Podesta 2009; Luo and Wu 2010;
Wicks et al. 2010, 2011; Chen et al. 2011a). These magnetic field spectral scaling obser-
vations provide an intriguing, if not unequivocal, connection to the Goldreich-Sridhar the-
ory (Higdon 1984; Goldreich and Sridhar 1995). It is important to notice that the spectral
anisotropy, shown in Fig. 1, is only observed while the local anisotropy analyses is used
(Horbury et al. 2008). Such analysis consists in following the magnetic field direction as
it varies in space and scale, which may cause the measured spectra to contain higher order
correlations (Matthaeus et al. 2012).

The importance of the local field for the turbulence anisotropy analysis has been pointed
out already in Cho and Vishniac (2000), Maron and Goldreich (2001), Milano et al. (2001).
The method proposed by Horbury et al. (2008), and used by Wicks et al. (2010) in Fig. 1, is
equivalent in some sense to the one used in Milano et al. (2001) for numerical simulations,
but can appear contradictory with the requirement of the ergodic theorem (equivalence be-
tween space and time averaging).5 However, there are practical implications that have to be
considered: an individual packet of plasma passes a spacecraft once and never returns, mean-
ing that the average magnetic field direction over many correlation lengths measured from
a time series is not necessarily representative of the actual magnetic field direction at any

5In order to insure the equivalence between space and time averaging, the average should be taken over
several correlation lengths, i.e. several energy injection lengths.

Anisotropy of turbulent fluctuations at MHD scales 
L32 R. T. Wicks et al.

2 WAV E L E T S A N D T H E LO C A L M E A N
MAGN ETIC F IELD

We use the method devised by Horbury et al. (2008) and detailed by
Podesta (2009). The Morlet wavelet is used to obtain the power in
magnetic field fluctuations as a function of both frequency and time.
Neighbouring wavelet scales differ by a factor of 1.6, approximately
the uncertainty on the frequency resolution of the Morlet wavelet;
this ensures coverage of frequency without oversampling (Torrence
& Compo 1998). The scale of the wavelet envelope function (a
Gaussian) is used as the length over which to calculate the mean
magnetic field direction (Horbury et al. 2008). This results in a
mean field local to the fluctuation and not the larger scale field often
considered in other studies (e.g. Tessein et al. 2009). The power
calculated using the wavelet is then assigned to a bin corresponding
to an angle θB between the local field and the radial direction (the
solar wind flows radially past the spacecraft) and a Fourier frequency
f associated with the wavelet scale, giving P (f , θB). We adopt the
Taylor hypothesis (Taylor 1938): when the flow speed is much
greater than the sound and Alfvén speeds, a time series can be
considered to be a 1D cut through a time stationary plasma. We take
periods of Ulysses data from 1995, when the spacecraft was in fast
polar solar wind. We use 1-s resolution Ulysses magnetic field data
(Balogh et al. 1992); data gaps are linearly interpolated but are rare,
accounting for approximately 6 per cent of the data. Analysing each
period produces a power spectrum ranging in spacecraft frequency
f between 3.3 × 10−5 and 2.5 × 10−1 Hz. We resolve θB in 10◦ bins
between 0◦ and 90◦. For all of the periods studied here, the global
average Parker field points away from the Sun with an angle between
20◦ and 45◦ to the radial direction. At the highest frequencies there
are ∼104 power measurements in each (f , θB) bin. At the lowest
frequencies, θB tends to the angle expected from the Parker spiral
and bins typically contain ∼10 observations; any bin with fewer
than five points is rejected.

Ulysses observations are made at 1-s cadence; however, the im-
portant physical scale for kinetic plasma physics in the solar wind
is the proton gyroscale ρi . In order to compare different periods di-
rectly and to cast our results in physically relevant units, we convert
the spacecraft observation frequency into a flow-parallel wavenum-
ber k by dividing by the average solar wind speed |V| and normalize
this by ρi :

kρi = 2πf ρi

|V |
= 2πf

√
2kBTimi

e|V ||B|
, (1)

where kB is Boltzmann’s constant, Ti is the proton temperature, mi

is the mass of a proton, e is the charge on a proton and |B| is the
magnetic field strength.

3 A N I S OT RO P Y O F TH E E N T I R E
I N E RT I A L R A N G E

First, we analyse a period of fast polar wind from Ulysses data
between days 100 and 200 of 1995; during this time Ulysses moved
from a solar latitude of 28◦ to 79◦ and distance of 1.38 to 1.93 au.
Such a long interval is necessary to obtain an anisotropic power
spectrum at the lowest frequencies used here; shorter periods can
be used if angular resolution is not required at such low frequencies.
Fig. 1 shows the trace of the magnetic field power tensor, averaged
over periods when the solar wind flow is parallel, P||(0◦ ≤ θB < 10◦)
and perpendicular, P⊥(80◦ ≤ θB < 90◦) to the local magnetic field
calculated using wavelets. We also show the average Fourier power
for the same period. At the smallest values of kρi , the power is
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Figure 1. Trace of the wavelet and Fourier power spectra of magnetic field
observations from Ulysses for the period between days 100 and 200 of 1995.
Frequencies are converted to wavenumbers using the solar wind velocity and
normalized to the ion gyroradius ρi (equation 1). See Fig. 4 for compensated
spectra.

isotropic and all three lines lie close together with a spectral index
of approximately −1. At kρi ≈ 3×10−3, P|| begins to diverge from
the Fourier power and P⊥. The power anisotropy increases as kρi

increases; P⊥ and the Fourier power follow each other closely and
are a factor of 5 larger than P|| at the largest kρi measured. We stress
that the use of wavelets to analyse the anisotropy of the magnetic
field means that the magnetic field is not broken into components
parallel and perpendicular to the mean field. Thus the terms P|| and
P⊥ do not refer to components of the field but to the mean trace
power in the field when the flow past the spacecraft is parallel or
perpendicular to the mean field.

In Fig. 2, we show the dependence of spectral index α on scale; α

is determined by a least-squares fitting in log space of a straight
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Figure 2. Dependence of the spectral index in different scale ranges on angle
to the local mean magnetic field direction. The error bars are calculated from
the residuals of linear least-squares fitting of straight lines to log(P) versus
log(kρi ).

C⃝ 2010 The Authors. Journal compilation C⃝ 2010 RAS, MNRAS 407, L31–L35

!
obs

= kV ! k = 2⇡f/V

-In agreement with “Critical balance” model [Goldreich & Sridhar, 1995]  
-Alfvenic strong turbulence with a “balance” between linear Alfvén time 
(along B0) and non-linear time (in plane perp. to B0), see Stas Boldyrev’s 
lecture.  

⌧A =
`k
VA

⇠ ⌧NL =
`?
�V?

P (k?) ⇠ k�5/3
? ; P (kk) ⇠ k�2

k

[Alexandrova et al. 2013, 
courtesy of Rob Wicks] Wicks et al. [2010]  



Methods for Characterising Microphysical Processes in Plasmas

Fig. 2 Deviation of the PDFs from Gaussian statistics with scale: signature of intermittency in the inertial
scale of the solar wind magnetic field (Sorriso-Valvo et al. 1999). Left panels for fast solar wind, right panels
for slow solar wind

The tails of the PDF are of particular interest, because the distribution of rare events is
indicative of the nature of underlying physical process. However, the practical assessment of
such tails is a delicate task, and so moments of the PDF often receive more interest than the
PDF itself. The moments of P(|∆yτ |) are called structure functions and can be estimated
directly from the time series as

Sp(τ ) =
∫ +∞

−∞
P

(
|∆yτ |

)∣∣∆yτ (t)
∣∣p dt =

〈∣∣∆yτ (t)
∣∣p〉

, (6)

where ⟨· · ·⟩ denotes ensemble averaging. Equation (5) implies that the structure functions
should scale with τ as

Sp(τ ) ∝ τ ζp . (7)

For statistically self-similar processes, the scaling exponents ζp are a linear function of the
order p; deviations from this linear behaviour can thus be used as a quantitative measure
of departure from self-similarity. There is considerable experimental evidence that turbulent
flows deviate from this behaviour (Frisch 1995).

Solar wind and laboratory data have been extensively studied by structure function
analysis, showing the presence of intermittency (Carbone 1994; Tu and Marsch 1995;
Carbone et al. 2000; Antar et al. 2001; Bruno and Carbone 2005; Matthaeus and Velli 2011).
The evaluation of structure functions is straightforward, but there are pitfalls. The main dan-
ger is the increasing sensitivity of structure functions to rare and large events when the order
p increases, until finite sample effects completely dominate. This often goes unnoticed as
the structure function increases smoothly with order. As a rule of thumb, it is considered
safe to compute structure functions up to order

pmax = logN − 1, (8)

Intermittency of turbulent fluctuations 
(inertial range) 

[Sorriso-Valvo et al. 1999; Greco, Servidio et al.] 

Fast solar wind Slow solar wind 



§  For Gaussian fluctuations the 3d moment is 
zero;  

§  Here, the third-order moment of fluctuations, 
which is related to the energy dissipation rate, 
is different from zero à  

§  Turbulence MUST shows some nongaussian 
features within the inertial range.  

Δuℓ
3 = −

4
5
ε ℓ

< ε > averaged energy dissipation rate; 
(see Politano & Pouquet, 98, for incompressible MHD) 

In the inertial range of HD turbulence (K4/5 law):  

δv 

l 

Def. of Intermittency: scale dependent non-Gaussianity of 
turbulent fluctuations.  

Non-Gaussianity of turbulent fluctuations 



[Rossi, Tesi di Lauria, 2011; Hada et al. 2003; Koga & Hada, 2003; Sahraoui, 2008] 

Non-Gaussianity: what does it mean ? 
Cluster-1/STAFF-SC measurements, 2002-02-19 

FT 

From the observed signal we construct a signal with random 
phases but with the same spectrum.   

Observed 
signal 

FT-1 

Random 
phase 
signal 

Phases: 

Mixed phases: 



[Claudia Rossi, Tesi di Laurea, 2011] 

Non-Gaussian tails <=> coupled phases ! 

Non-Gaussianity: what does it mean ? 

Observed 
signal 

Random 
phase 
signal 



Intermittency = coherent structures 

In HD turbulence, intermittency 
corresponds to appearance of 
coherent structures: filaments of 
vorticity with length ~ Linjection 
and cross-section ~ Ldissipation  
 

[She et al., 1991] 

Definition of a coherent 
structure (see as well T. Dudok de Wit’s lecture) 

§  Localisation in space (time). 
§  Delocalisation in Fourier space (phase coupling over a 
large range of scales). 
§  Particular geometry (coupling between components). 

Coherent structures in the solar wind at Ldissipation ?  
Ldissipation = plasma kinetic scales ?   

First plasma scales encounted by the cascade?  



Turbulence at kinetic scales 
 

1. Ion scales : spectra and coherent 
structures 



Turbulence around ion scales 
 

Magnetic field spectrum 

[Leamon et al,1998] 

- There exist a spectral “break” close to ion scales 
- Spectral variability at ion scales [0.3,3]Hz (no universal behavior).  
- Attention: less than 1 decade is measured…, e.g. [Smith et al., 2006].  
 

[Lion, 2016, PHD thesis] 



O. Alexandrova et al.

Fig. 10 Spectra of ion moments, (a) density, (b) velocity, (c) ion thermal speed, up to ∼ 3 Hz as measured by
Spektr-R/BMSW (Bright Monitor of Solar Wind) in the slow solar wind with Vsw = 365 km/s and βp ≃ 0.2.
Figure from Šafránková et al. (2013)

2013) or ion anisotropy instabilities (Gary et al. 2001; Matteini et al. 2007, 2011; Bale et al.
2009) may be responsible for the spectral variability within the transition range.

One of the important properties of the transition range is that the turbulent fluctuations
become more compressible here (Leamon et al. 1998; Alexandrova et al. 2008; Hamilton
et al. 2008; Turner et al. 2011; Salem et al. 2012; Kiyani et al. 2013). Let us define the
level of compressibility of magnetic fluctuations as δB2

∥/δB
2
tot , with δB2

tot being the total
energy of the turbulent magnetic field fluctuations at the same scale as δB∥ is estimated.
If in the inertial range the level of compressibility is about 5 %, for f > fb it can reach
30 % and it depends on the plasma beta βi (Alexandrova et al. 2008; Hamilton et al. 2008).
The increase of the compressibility at kinetic scales has been attributed to the compressive
nature of kinetic Alfvén or whistler turbulence (Gary and Smith 2009; Salem et al. 2012;
TenBarge et al. 2012). On the other hand, it can be described by the compressible Hall MHD
(Servidio et al. 2007). In particular, in the this framework, different levels of compressibility
can also explain the spectral index variations in the transition range (Alexandrova et al. 2007,
2008).

The flattening of the electron density spectrum from ∼ f −5/3 to ∼ f −1, seen in Fig. 3,
is observed within the same range of scales as the increase of the magnetic compressibility.
The shape of this flattening is consistent with the transition between MHD scale Alfvénic
turbulence and small scale KAW turbulence (Chandran et al. 2009; Chen et al. 2013a). More
recently, Šafránková et al. (2013) measured the ion density spectrum within the transition
range, finding similar results, as expected from the quasi-neutrality condition. In addition,
they showed the ion velocity and temperature spectra in this range to be steeper with slopes
around −3.4. An example of such spectra is shown in Fig. 10.

The transition range around ion scales is also characterized by magnetic fluctuations
with quasi-perpendicular wave-vectors k⊥ > k∥ and a plasma frame frequency close to zero
(Sahraoui et al. 2010; Narita et al. 2011; Roberts et al. 2013). Sahraoui et al. (2010) inter-
pret these observations as KAW turbulence, although Narita et al. (2011) found no clear
dispersion relation. Magnetic fluctuations with nearly zero frequency and k⊥ ≫ k∥ can
also be due to non-propagative coherent structures like current sheets (Veltri et al. 2005;
Greco et al. 2010; Perri et al. 2012), shocks (Salem 2000; Veltri et al. 2005; Mangeney
et al. 2001), current filaments (Rezeau et al. 1993), or Alfvén vortices propagating with a
very slow phase speed ∼ 0.1VA in the plasma frame (Petviashvili and Pokhotelov 1992;
Alexandrova 2008). Such vortices are known to be present within the ion transition range
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Turbulence around ion scales 
Open Questions: 

MHD scales: inertiel 
range~ Kolmogorov 

kinetic scales 

[Leamon et al,1998] 

Dissipation 
range ~ exp 

HD 

§  onset of dissipation range [e.g Leamon+’98,99,00; Smith’06,…] ?  
§  starting point of another cascade [e.g. Biskamp+’96; Galtier’06; Alexandrova+’08,’13] ? 
§  or combination of both ? 
§  which ion scale is responsible for the break ? 
§  Intermittency / presence of coherent structures ? 

 If it is a dissipation range ⇒ 
§  Why a power law and not an exponential cut-off ? 
§  Are there any signatures of energy exchange with ions?  



Which ion scale is responsible for the break? 

fci = ⌦ci/2⇡ ; ⌦ci = eB/mic

[Alexandrova et al., 2013] 
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§  All characteristic time and spatial ion scales are observed close to the 
spectral break frequency…  
§  How can we distinguish between different scales? 
§  Important in order to understand which physical mechanisms “break the 
spectrum” (e.g., if it is fci => damping of Alfven waves).  

In frequency spectrum, these scales  
appear at Doppler shifted frequencies: 
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Time scale (~0.1 Hz) 

Spatial scales (~100 km) 



Which ion scale is responsible for the break? 

[Alexandrova et al., 2013] 

  
§  Leamon et al. 2000 : λi 
§  Schekochihin et al. 2009: ρi 
§  Perri et al. 2010 : any of the scale/
combination of scales  
§  Bourouaine et al. 2012: λi 
§  Bruno et al. 2014: resonant |k| of 
parallel Alfven waves 
§  Chen et al. 2014: beta dependent.  

Solar Wind Turbulence and the Role of Ion Instabilities

Fig. 9 7 solar wind spectra,
analyzed in Alexandrova et al.
(2009, 2010) under different
plasma conditions as a function
of the wave-vector k⊥
perpendicular to the magnetic
field. The spectra are superposed
with a normalization factor E0 at
scales smaller than all ion scales:
one observes divergence of the
spectra in the transition range
around the ion scales kρi and kλi

As we have discussed above, the transition to kinetic Alfvén turbulence happens at the
ion gyroradius ρi scale (Schekochihin et al. 2009; Boldyrev et al. 2012), while the dispersive
Hall effect becomes important at the ion inertial length λi . Results of Leamon et al. (2000)
and Bourouaine et al. (2012) indicate, therefore, that the Hall effect may be responsible for
the ion spectral break. Note that Bourouaine et al. (2012) analyzed Helios data only within
fast solar wind streams with βi < 1, i.e. when λi > ρi .11 It is quite natural that the largest
characteristic scale (or the smallest characteristic wave number) affects the spectrum first
(Spangler and Gwinn 1990). It will be interesting to verify these results for slow solar wind
streams and high βi regimes.

Just above the break frequency, f > fb , the spectra are quite variable. Smith et al. (2006)
show that within a narrow frequency range [0.4–0.8] Hz, the spectral index α varies between
−4 and −2. This result was obtained using ACE/FGM measurements. However, one should
be very careful while analyzing FGM data at frequencies higher than the ion break (i.e.
at f > 0.3 Hz), where the digitalization noise becomes important (Lepping et al. 1995;
Smith et al. 1998; Balogh et al. 2001). For example, in Fig. 7 the Cluster/FGM spectrum
deviates from the STAFF spectrum at f ≥ 0.7 Hz.12

Figure 9 shows several combined spectra, with Cluster/FGM data at low frequencies
and Cluster/STAFF data at f > fb . The spectra are shown as a function of the wave-vector
k⊥13. The spectra are superposed at k⊥ > kρi

, kλi
, i.e. at scales smaller than all ion scales:

while at these small scales all spectra follow the same law, around ion scales kρi
and kλi

(named here a transition range) one observes a divergence of the spectra. The origin of this
divergence is not completely clear. It is possible that ion damping (e.g. Denskat et al. 1983;
Sahraoui et al. 2010), a competition between the convective and Hall terms (Kiyani et al.

11Ion plasma beta can be expressed in terms of ion scales: βi = 2µ0nkBTi/B
2 = ρ2

i /λ2
i .

12The digitalization noise at Cluster/FGM and at ACE/FGM is nearly the same, see Smith et al. (1998),
Balogh et al. (2001).
13Cluster stays in the free solar wind not connected to the Earth’s bow-shock, while the flow-to-field angle,
θBV , is quasi-perpendicular. Therefore, only k⊥ wave vectors are well resolved.

⇒  The largest characteristic ion scale “breaks” 
turbulent spectrum [Chen et al. 2014].  



Ion scales and spectral break (statistical study) 

Red: high βp > 1 
Blue: low βp < 0.2 
Black: all data 

[Sonny Lion, PHD, 
2016, 6 years of 

STEREO/MAG data] 

§  Spectral break fb is not always well-defined => fb= intersection of two 
power-laws. 
§  All ion scales correlate well with fb !  => Not one scale (or physical 
mechanism) which is responsible for the spectral break?  



Break at ion scales: permanent feature ? 
 

[Leamon et al,1998] 

§  Sometimes: we observe a clear spectral “break” [Leamon et al. 1998]. 
§  However, usually the break is not visible and we define it as an 
intersection of 2 power-laws. 

§  There exist spectra without a break [Bruno et al. 2014; Smith et al. 2006]… 
§  What is particular with the fast solar wind and Leamon’s 1998 spectrum? 

[Bruno et al. 2014] 



Let’s re-visit Leamon’s spectrum 
The time interval studied in [Leamon et al,1998], with V=690km/s, Tperp/T||=1.8, β=0.5 

§  Fourier (wavelet) spectra: mean characteristic of turbulence, no 
information on homogeneity of fluctuations.  
§  Time-frequency (time-scale) analysis with wavelets allows us to see 
the ‘texture’ of turbulence (see the lecture of T. Dudok de Wit).    

Wperp
2(t,τ):  alfvenic 

fluctuations 
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[Farge, 1992; Torrence & Compo 1998] 

Fourier: Time dependence is lost, best 
frequency localization. 
Wavelets: time-frequency dependence,  
frequency (or time scale τ=1/f) resolution 
verifies the uncertainty principle: 

�⌧

�1�T ⇠ const

⌧m = ⌧02
m, m = 0, 1, ...,M

M = log2(N�t/⌧0)



Intermittency measure [Farge 
1992] : 
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Morlet Wavelet Transform 

=> we see localised events 
covering all scales > mean 

Looking for coherent structures with 
Morlet wavelets 



Coherent current sheets and vortices 

§  Large amplitude current sheets and Alfven vortices (δB/B0=0.7) 

§  Distributions of energy in time and scales for Alfvenic and 
compressible fluctuations (wavelet scalogrammes Wperp

2 and W||
2) => 

presence of coherent events simultaneously in Wperp
2 and W||

2.  

Wperp
2(t,τ) 



Vector potential, A, ~ to stream function ⇒  
field lines || stream lines & current || vorticity 

[Petviashvilli & Pokhotelov, 1992] 

Alfven vortices ~ 2D HD vortices 

= 

Monopole ~ force free 
current, standing structure 

Dipole ~ two inversed 
currents, propagates  
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can correspond to a mirror mode. At the same time, within

the range of the Alfvén vortices [0.5, 2.0]Hz, S✓/S decreases
to a negligibly small value 0.03, reflecting the incompress-

ible nature of the vortices. It seems that the appearance of

the Alfvén vortices in a finite beta plasma (here ⇥⌥1) makes
it incompressible within the vortices. A statistical study over

⌥30 magnetosheath samples shows (i) a systematic decrease
of S✓/S within the spectral knee range, and (ii) Alfvén vor-
tices are observed for not too large ⇥, ⇥<3 (Alexandrova et

al., in preparation4).

3 The Alfvén vortex and its spectral properties

The Alfvén vortices are multi-scale nonlinear structures and

one may wonder how they can influence the turbulent spec-

trum (M. Berthomier, private communication, 2006), even

outside the observed spectral “knee”.

In this section, we begin by a short review of the main

theoretical features of the model of incompressible Alfvén

vortex (Petviashvili and Pokhotelov, 1992; Kadomtsev and

Pogutse, 1974), since it is not so well known in the space

physics community. Second, we analyze the spectra of two

topologically independent vortex solutions, monopole and

dipole. Finally, we discuss the spectral properties of a pe-

riodic vortex network.

3.1 Alfvén vortex solutions

The Alfvén vortex is one of the non-linear solutions of the

ideal incompressible MHD equations. It is characterized by

magnetic field and velocity fluctuations mostly perpendicular

to the unperturbed magnetic fieldB0 (taken here as parallel to

the z direction), ⌅Bz�⌅B✏ and ⌅Vz�⌅V✏; they have a slow
time dependence, ⌘t�◆ci , and their space variations verify

⌘z�✏. Their amplitude �⌥⌅B✏/B0 is assumed to be small

although finite, 0<�<1 and they satisfy the following scaling

relations:

⌘z

✏
⌥ ⌘t

VA✏
⌥ ⌅Bz

⌅B✏
⌥ ⌅Vz

⌅V✏
⌥ ⌅B✏

B0
⌥ ⌅V✏

VA
⌥ �. (6)

The transverse fluctuations can then be described by two

scalar functions, the parallel component of the vector poten-

tial Az and a flux function ↵

⌅B✏ = Az ⇥ z, ⌅V✏ = z⇥ ↵ (7)

(in the following the symbol ⌅ will be omitted).

For the scalar variables Az and ↵ the MHD equations

 (⌘t + V · )V = �p + 1

4�
( ⇥ B) ⇥ B (8)

⌘tB =  ⇥ (V⇥ B) (9)

 · V = 0 ;  · B = 0 (10)

4Alexandrova, PhD thesis, 2005.

reduce to two non-linear scalar equations (Kadomtsev and

Pogutse, 1974; Strauss, 1976; Petviashvili and Pokhotelov,

1992), the conservation of the momentum along z

⌘t2
✏↵+{↵, 2

✏↵}= 1

4� 
{Az, 2

✏Az}�
B0

4� 
⌘z2

✏Az (11)

and the Maxwell-Faraday equation in the plane perpendicu-

lar to z

⌘tAz + B0⌘z↵ + {↵, Az} = 0. (12)

Here the notation {., .} corresponds to the Poisson bracket (or
the Jacobian)

{a, b}=⌘xa⌘yb�⌘ya⌘xb⌅(a⇥b)·z.
These equations can be written in dimensionless form,

using new variables t=◆ci t , r✏ = r✏/ i , z=z/(c/�pi),

 = / 0, ⇣=↵/( 2i ◆ci), A=AzVA/(B0 
2
i ◆ci)

dt2
✏⇣ = {A, J } � ⌘zJ (13)

dtA + ⌘z⇣ = 0 (14)

where J=2
✏A is the longitudinal current and

dt⌅⌘t+V✏·✏.

The Alfvén vortices are solutions which are localized in a

plane nearly perpendicular to z and propagate with a speed

u in this plane while conserving their shape. Choosing the

variables in the vortex plane x and ⇧, with

⇧ = y + �z � ut, � = tan(�), (15)

� being the angle between the normal to the plane (x, ⇧)

and B0, we arrive to a two dimensional problem. In the new

variables (x, ⇧) the Eqs. (13) and (14) become

{⇣ � ux, 2
✏(⇣ � ux)} = {A � �x, J } (16)

{⇣ � ux, A � �x} = 0 (17)

with the new Poisson bracket {a, b}=⌘xa⌘⇧b�⌘⇧a⌘xb.

Equation (17) means that (⇣�ux) and (A��x) are depen-

dent on one another:

A � �x = f (⇣ � ux) (18)

so that Eq. (16) leads to an equation for (⇣�ux)

2
✏(⇣ � ux) = f �(⇣ � ux)J + f1(⇣ � ux), (19)

containing two arbitrary functions, f and f1. There is, there-

fore, an infinite number of solutions of the system (16) and

(17) in the form of vortices.

Among this infinite set of solutions, the simplest Alfvén

vortex solution is localized in a circle of the radius a in the

plane (x, ⇧), and decays at infinity as a power law. It satisfies

a generalized Alfvén relation

⇣ = ⌥A, with ⌥ = u

�
(20)

www.nonlin-processes-geophys.net/15/95/2008/ Nonlin. Processes Geophys., 15, 95–108, 2008



monopole 

dipole 

ω - vorticity & Ψ - stream function 

Localized solutions of 2D incompressible  
Navier-Stokes equation 

Particular case:  
slow variations & vorticity is localized in a circle of the radius a 

-  Helmholtz’s equation 
-  Laplace’s equation 



Spectral properties of Alfvén vortices 

a-1 a-1 

•  Spectral knee at k=a-1 ; power law spectra above it  
•  Monopole ⇒ δB2~k-4 (due to discontinuity of the current) 
•  Dipole ⇒ δB2~k-6 (due to discont. of the current derivative) 

[Alexandrova 2008, NPG] 

Vortex radius a=1 
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Fig. 2. The surface of the current J above the vortex plane (x, ⇧)

and the contours of the potential A (that coincide here with the field

lines) in this plane for the monopolar structure with the radius of

localization a=1 and angle �=0.

where � and u can be zero only simultaneously. Its current

density J is a linear function of A��x inside a circle of ra-

dius a and vanishes outside
�

J = �k2(A � �x � c), r < a

J = 0, r ⌃ a
(21)

where k and c are constants. This solution is
⇥
⌅

⇤
A = A0(J0(kr) � J0(ka)) � 2�x

kr

J1(kr)

J0(ka)
+ �x, r < a

A = a2 �x
r2

, r ⌃ a.
(22)

Here A0 is a constant amplitude, J0 and J1 are the Bessel

functions of 0th and 1st order respectively, r=
⌥

x2+⇧2 is

the radial variable in the plane of the vortex.

The continuity of the solution (22) in r=a requires that

the parameter k and the radius a be coupled by the following

dispersion relation

J1(ka) = 0. (23)

This relation ensures the continuity of the magnetic field

B✏=(Bx, B⇧)=(⌘⇧A, �⌘xA) in r=a as well as a vanishing

divergence of B✏ everywhere.
Going back to the 3-D problem we must respect the fol-

lowing conditions: since ⌘z�✏ has to be satisfied, the an-
gle must be small, �⌥⌘z/✏⌥�. Similarly, the velocity u

must be also small in order to satisfy the condition ⌘t�◆ci ,

i.e. u⌥⌘t /◆ci⌥�. In principle, ⌥ is arbitrary, but of the order

of 1.

The Alfvén vortex solution (22) is the analogue of the in-

compressible unmagnetized hydrodynamic vortex solution,

and as in hydrodynamics, we distinguish here to types of vor-

tices: monopole and dipole.

The monopolar vortex solution correspond to the case with

�=0 (u=0), i.e., when the projection of the mean field to

Fig. 3. The same as Fig. 2 but for the bipolar vortex structure with

a=1, �=5⇤, here the current and field lines are symmetric with
respect to the line x=0 as far as the amplitude of the monopolar
part of the vortex is chosen to be A0=0.

the vortex plane is zero. This vortex is at rest in the plasma

frame. It corresponds to a field-aligned force-free current

localized within a circle of the radius a
�

A = A0(J0(kr) � J0(ka)), r < a

A = 0, r ⌃ a.
(24)

The monopole has the current J and the field lines as is

shown in Fig. 2. The contours of its magnetic field com-

ponents are shown in Fig. 4 (upper panels).

As soon as � �=0 (u�=0), the general solution (22) describes
the dipolar vortex. It is not stationary in the plasma as

the monopole, but propagates with velocity u along the ⇧-

direction, the direction of the mean field projection on the

vortex plane. The current of the dipolar vortex and its field

lines are presented in Fig. 3. Here the amplitude of monopo-

lar part A0 is chosen to be zero, otherwise A, J and the mag-

netic field lines are no more symmetric with respect to the

vortex center. The contours of its magnetic field components

are shown in Fig. 4 (lower panels).

Thus monopolar and dipolar vortices are topologically dif-

ferent and there is no continuous transition between them.

These differences reflect themselves in the Fourier spectra of

these two vortex types.

3.2 Power spectra of monopole and dipole

Suppose now that a magnetic probe moves in space, along

the x-axis with a constant velocity and a distance of closest

approach to the vortex axis ⇧. Figure 5 (upper panels) shows

the “measured” Bx-profiles of monopole and dipole vortex

structures, for ⇧=�0.2a. The lower panels of Fig. 5 show
the power spectral densities (PSD) of these signals calculated

via Fourier (solid lines) and via the Morlet Wavelet Trans-

forms (empty circles). The power spectra of both, monopole

and dipole, have a knee around the wave vector k = 1,

Nonlin. Processes Geophys., 15, 95–108, 2008 www.nonlin-processes-geophys.net/15/95/2008/
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Here A0 is a constant amplitude, J0 and J1 are the Bessel

functions of 0th and 1st order respectively, r=
⌥

x2+⇧2 is

the radial variable in the plane of the vortex.

The continuity of the solution (22) in r=a requires that

the parameter k and the radius a be coupled by the following

dispersion relation

J1(ka) = 0. (23)
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divergence of B✏ everywhere.
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must be also small in order to satisfy the condition ⌘t�◆ci ,

i.e. u⌥⌘t /◆ci⌥�. In principle, ⌥ is arbitrary, but of the order

of 1.

The Alfvén vortex solution (22) is the analogue of the in-

compressible unmagnetized hydrodynamic vortex solution,

and as in hydrodynamics, we distinguish here to types of vor-

tices: monopole and dipole.

The monopolar vortex solution correspond to the case with

�=0 (u=0), i.e., when the projection of the mean field to

Fig. 3. The same as Fig. 2 but for the bipolar vortex structure with

a=1, �=5⇤, here the current and field lines are symmetric with
respect to the line x=0 as far as the amplitude of the monopolar
part of the vortex is chosen to be A0=0.

the vortex plane is zero. This vortex is at rest in the plasma

frame. It corresponds to a field-aligned force-free current

localized within a circle of the radius a
�

A = A0(J0(kr) � J0(ka)), r < a

A = 0, r ⌃ a.
(24)

The monopole has the current J and the field lines as is

shown in Fig. 2. The contours of its magnetic field com-

ponents are shown in Fig. 4 (upper panels).

As soon as � �=0 (u�=0), the general solution (22) describes
the dipolar vortex. It is not stationary in the plasma as

the monopole, but propagates with velocity u along the ⇧-

direction, the direction of the mean field projection on the

vortex plane. The current of the dipolar vortex and its field

lines are presented in Fig. 3. Here the amplitude of monopo-

lar part A0 is chosen to be zero, otherwise A, J and the mag-

netic field lines are no more symmetric with respect to the

vortex center. The contours of its magnetic field components

are shown in Fig. 4 (lower panels).

Thus monopolar and dipolar vortices are topologically dif-

ferent and there is no continuous transition between them.

These differences reflect themselves in the Fourier spectra of

these two vortex types.

3.2 Power spectra of monopole and dipole

Suppose now that a magnetic probe moves in space, along

the x-axis with a constant velocity and a distance of closest

approach to the vortex axis ⇧. Figure 5 (upper panels) shows

the “measured” Bx-profiles of monopole and dipole vortex

structures, for ⇧=�0.2a. The lower panels of Fig. 5 show
the power spectral densities (PSD) of these signals calculated

via Fourier (solid lines) and via the Morlet Wavelet Trans-

forms (empty circles). The power spectra of both, monopole

and dipole, have a knee around the wave vector k = 1,
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can correspond to a mirror mode. At the same time, within

the range of the Alfvén vortices [0.5, 2.0]Hz, S✓/S decreases
to a negligibly small value 0.03, reflecting the incompress-

ible nature of the vortices. It seems that the appearance of

the Alfvén vortices in a finite beta plasma (here ⇥⌥1) makes
it incompressible within the vortices. A statistical study over

⌥30 magnetosheath samples shows (i) a systematic decrease
of S✓/S within the spectral knee range, and (ii) Alfvén vor-
tices are observed for not too large ⇥, ⇥<3 (Alexandrova et

al., in preparation4).

3 The Alfvén vortex and its spectral properties

The Alfvén vortices are multi-scale nonlinear structures and

one may wonder how they can influence the turbulent spec-

trum (M. Berthomier, private communication, 2006), even

outside the observed spectral “knee”.

In this section, we begin by a short review of the main

theoretical features of the model of incompressible Alfvén

vortex (Petviashvili and Pokhotelov, 1992; Kadomtsev and

Pogutse, 1974), since it is not so well known in the space

physics community. Second, we analyze the spectra of two

topologically independent vortex solutions, monopole and

dipole. Finally, we discuss the spectral properties of a pe-

riodic vortex network.

3.1 Alfvén vortex solutions

The Alfvén vortex is one of the non-linear solutions of the

ideal incompressible MHD equations. It is characterized by

magnetic field and velocity fluctuations mostly perpendicular

to the unperturbed magnetic fieldB0 (taken here as parallel to

the z direction), ⌅Bz�⌅B✏ and ⌅Vz�⌅V✏; they have a slow
time dependence, ⌘t�◆ci , and their space variations verify

⌘z�✏. Their amplitude �⌥⌅B✏/B0 is assumed to be small

although finite, 0<�<1 and they satisfy the following scaling

relations:

⌘z

✏
⌥ ⌘t

VA✏
⌥ ⌅Bz

⌅B✏
⌥ ⌅Vz

⌅V✏
⌥ ⌅B✏

B0
⌥ ⌅V✏

VA
⌥ �. (6)

The transverse fluctuations can then be described by two

scalar functions, the parallel component of the vector poten-

tial Az and a flux function ↵

⌅B✏ = Az ⇥ z, ⌅V✏ = z⇥ ↵ (7)

(in the following the symbol ⌅ will be omitted).

For the scalar variables Az and ↵ the MHD equations

 (⌘t + V · )V = �p + 1

4�
( ⇥ B) ⇥ B (8)

⌘tB =  ⇥ (V⇥ B) (9)

 · V = 0 ;  · B = 0 (10)

4Alexandrova, PhD thesis, 2005.

reduce to two non-linear scalar equations (Kadomtsev and

Pogutse, 1974; Strauss, 1976; Petviashvili and Pokhotelov,

1992), the conservation of the momentum along z

⌘t2
✏↵+{↵, 2

✏↵}= 1

4� 
{Az, 2

✏Az}�
B0

4� 
⌘z2

✏Az (11)

and the Maxwell-Faraday equation in the plane perpendicu-

lar to z

⌘tAz + B0⌘z↵ + {↵, Az} = 0. (12)

Here the notation {., .} corresponds to the Poisson bracket (or
the Jacobian)

{a, b}=⌘xa⌘yb�⌘ya⌘xb⌅(a⇥b)·z.
These equations can be written in dimensionless form,

using new variables t=◆ci t , r✏ = r✏/ i , z=z/(c/�pi),

 = / 0, ⇣=↵/( 2i ◆ci), A=AzVA/(B0 
2
i ◆ci)

dt2
✏⇣ = {A, J } � ⌘zJ (13)

dtA + ⌘z⇣ = 0 (14)

where J=2
✏A is the longitudinal current and

dt⌅⌘t+V✏·✏.

The Alfvén vortices are solutions which are localized in a

plane nearly perpendicular to z and propagate with a speed

u in this plane while conserving their shape. Choosing the

variables in the vortex plane x and ⇧, with

⇧ = y + �z � ut, � = tan(�), (15)

� being the angle between the normal to the plane (x, ⇧)

and B0, we arrive to a two dimensional problem. In the new

variables (x, ⇧) the Eqs. (13) and (14) become

{⇣ � ux, 2
✏(⇣ � ux)} = {A � �x, J } (16)

{⇣ � ux, A � �x} = 0 (17)

with the new Poisson bracket {a, b}=⌘xa⌘⇧b�⌘⇧a⌘xb.

Equation (17) means that (⇣�ux) and (A��x) are depen-

dent on one another:

A � �x = f (⇣ � ux) (18)

so that Eq. (16) leads to an equation for (⇣�ux)

2
✏(⇣ � ux) = f �(⇣ � ux)J + f1(⇣ � ux), (19)

containing two arbitrary functions, f and f1. There is, there-

fore, an infinite number of solutions of the system (16) and

(17) in the form of vortices.

Among this infinite set of solutions, the simplest Alfvén

vortex solution is localized in a circle of the radius a in the

plane (x, ⇧), and decays at infinity as a power law. It satisfies

a generalized Alfvén relation

⇣ = ⌥A, with ⌥ = u

�
(20)

www.nonlin-processes-geophys.net/15/95/2008/ Nonlin. Processes Geophys., 15, 95–108, 2008

[Petviashvilli & Pokhotelov, 1992] 
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Here A0 is a constant amplitude, Ji is the Bessel function of ith
order, � �r x y2 2 is the radial variable in the plane of the
vortex, and B H� tan , with γ the angle between the normal to
the plane (x, y) and B0. The vortex radius a represents the
radius of the circle where the fluctuations are concentrated. To
ensure the continuity of the magnetic field components at
r = a, k is chosen to be one of the roots j1,l of J1. The
comparison is done in Figure 5(d), for k = j1,3 ; 10.17,

A0 = 0.27 in normalized units, and α = 0, i.e., the Alfvén
vortex has a monopole topology and it is static in the plasma
frame. This fitting corresponds to the trajectory of the satellite
across the center of the vortex, with a small angle of 13° to the
direction of the intermediate variance emed (or the x-axis of the
vortex model).
One can see that the monopole Alfvén vortex model (dashed

lines in Figure 5(d)) fits the observations (solid lines) well. The
small deviations can come from (i) the fact that the filter
(Equation (2)) is far from ideal, and (ii) a superposition of the
neighboring events on the studied vortex-like structure.
We estimate the radius of the vortex a (that is half the extent

of magnetic fluctuations that are fitted to the vortex model) to
be Δt3/2 ∼ 7 s. The scale of the strongest gradient within the
vortex (scale of the central field-aligned current filament) is of
the order of τ = 2 s. Thus, the temporal scales of the vortex are
around the break scale � �f 2.3b

1 s. Using the projection of the
solar wind velocity on the vortex plane ( ) ( )� e ex y, ,max med ,
450 km s−1, we obtain the vortex radius a ∼ 3150 km or 25.4λi
and 29.2 ρi; and the scale of the strongest gradient ℓ ∼ 900 km
or 7.3λi and 8.3 ρi.
However, in order to have confidence in the interpretation in

terms of the Alfvén vortex, a multi-satellite analysis should be

Figure 5. Two examples of coherent energetic events presented in the minimum variance frame calculated over time intervals of 30 s shown here. Left panels: current
sheet detected at 13:29:46: (a) raw data, (c) fluctuations defined by Equation (2) in the frequency range [0.06, 0.6] Hz; duration Δt0 ; 3 s. Right panels: signatures of
an Alfvén vortex-like structure at 13:42:27: (b) raw data, (d) fluctuations defined in the frequency range [0.1, 0.4] Hz superposed on the monopole Alfvén vortex
model from Petviashvili & Pokhotelov (1992); duration Δt3 ; 14 s.
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front (see Figure 18(a)); or (ii) a cylinder, or a cigar, with the
axis along the local mean magnetic field and the normal parallel
to the radius of the cylinder (see Figure 18(b)). This last
topology is compatible with the magnetic holes and vortices.
To confirm the geometry of the structures, a comparison of the
signals on the four satellites with different models for different
structures should be done (that will be a subject of our
future work).

Our multi-satellite analysis shows that the velocity of the
structures along n in the plasma rest frame is zero (within the
error bars) for 75% of the structures that we could study with
four satellites. The remaining 25% of the structures manifests
significant velocities different from zero and may take values of
several VF (fast magnetosonic speed). However, we point out
that the errors on the estimated velocities can be huge, meaning
that in the limit of these errors the velocities could be lower, but
not zero.

The statistical study of all structures does not show any
dependences between properties of the structures (size,
amplitude, speed) and the plasma parameters. However,
considering them by types, we realize the following.

1. Compressive vortices (40 examples of 109; see Figure 11)
are the most frequently observed structures, characterized
by E� § _b B 0.10 and ξP > 0.35 (see Equation (13)).
They can be found in the plasma region with both βp < 1
and βp > 1 ( C� § _ 1.5p ) and for both TP > T⊥ and
TP < T⊥ (proton temperature anisotropy � § _A 1.1). The
compressive vortices can propagate with . � V1, 4 A0∣ ∣ [ ]
or be convected by the flow. Their size varies between
∼1.5ρp and ∼18ρp, while the diameters between ∼4.5ρp
and ∼32ρp.

2. Alfvén vortex-like structures (12 examples of 109; see
Figures 9 and 10) have E� § _b B 0.10 and ξP < 0.35.
They are observed for C� § _ 1.2p and isotropic ions. The
characteristic propagation speeds . � V0.5, 2 A0∣ ∣ [ ] . Dif-
ferent sizes are also found: from ∼2ρp to ∼8ρp and typical
diameters between ∼5ρp and ∼17ρp.

3. Magnetic holes (10 examples of 109; see Figures 5 and 6)
usually have amplitudes E� § _b B 0.060 and Y� § _& 1.7,
with current density strictly perpendicular to the local
magnetic field. They appear in high beta plasma
( C� § _ 2p ), and � � § _? ?& &T T T T 1.5( ). They are

usually convected by the flow in the limits of errors.
Typical size S% �r 2, 10 p[ ] .

4. Current sheets (9 examples of 109; see Figure 8) have
strong amplitudes E� § _b B 0.250 and are convected by
the flow. The plasma parameters are characterized by
values of βp  1 and TP > T⊥. The sizes for the current
sheets vary between ∼4ρp and ∼11ρp.

5. Solitons (6 examples of 109; see Figure 4) have small
amplitudes ( E� § _b B 0.050 ) and they are strongly
compressive ( Y� § _& 1.7). They are observed for a
moderate ion beta ( C� § _ 1.2p ) and almost isotropic ion
distributions � § _? &T T 1.2( ). These structures propagate
with the typical velocity of the fast modes, VF, and have
characteristic sizes of ∼5–6ρp and λp.

6. Shocks (3 examples of 109; see Figure 7) have an
amplitude of E� § _b B 0.050 and propagate fast in the
flow. The first example has . � o142 640 ( ) km s−1,
Mach numbersMF = 2.7 andMA = 4.5, size of ∼7ρp, and
it is observed for βp ∼ 1 and TP > T⊥ (A ; 0.6), while the
second one (see Figure 7) has . � � o172 580 ( ) km s−1,
Mach numbersMF = 2.8 andMA = 4.9, size of ∼4ρp, and
it is found for βp > 1 and A > 1. The third example has
almost the same characteristic of the shock in Figure 7; in
particular . � � o160 510 ( ) km s−1, MF = 2.6,
MA = 4.3, and typical size of ∼4ρp. Moreover, this
example of shock is also found for βp > 1 and A > 1.

In incompressible MHD theory, one expects to find current
sheets and elongated structures, related to the intermittency of
the magnetic field (Carbone et al. 1990). Recently, Servidio
et al. (2014b) have shown the existence, in the solar wind, of
these equilibria, predicted by the MHD relaxation theory,
which spontaneously emerge during the turbulent cascade.
Most of the studies of plasma discontinuities are based on

the use of the PVI technique (Greco et al. 2008) or Haar
wavelet (Veltri & Mangeney 1999). These methods are
oriented to catch planar/slab discontinuities in different
regimes of the turbulence cascade. Around ion scales (as in
the case of the present work), these studies, applied to both
solar wind in situ measurements and numerical simulations,
reveal mostly the presence of current sheets (Greco et al.
2012b; Greco & Perri 2014). Therefore, coherent current sheets
were considered as the principal cause of intermittency in space

Figure 18. Two-dimensional (a) and three-dimensional (b) geometry models for the structures. The normal of the structures is indicated by the red arrow; the velocity
of the flow is represented by the green arrow, while the local magnetic field is in blue.
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Raw magnetic data 

Magnetic fluctuations  
δBi = Bi - <Bi>10s 
 
Lcurrent sheet ~ 5 ion scales  
Lvortex ~ (5-30) ion scales 

[Lion et al, 2016, APJ] 



Polarization in the plane perpendicular to B 
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Ion scale instabilities in the solar wind 

Solar Wind Turbulence and the Role of Ion Instabilities

Fig. 12 (Left) time series data of measured proton temperature anisotropy (dots) and instability thresholds
(top panel), of magnetic (2nd panel) and velocity (3rd panel) vector fluctuations in a field-aligned coordinate
system (FAC), using 3 second measurements from the Wind/3DP instrument; red lines indicate fluctuations
parallel to the mean field B, p1 (violet) and p2 (green) represent the two perpendicular components. As the
measured proton anisotropy approaches the oblique firehose instability threshold (black dotted line in the top
panel), Alfvénic-like fluctuations are excited and visible as perpendicular magnetic and velocity perturba-
tions. (Right) the same format as left figure, but for the high ion beta regime, when the plasma conditions
were close to both, mirror and firehose instability thresholds: both types of fluctuations, Alfvénic-like and
compressive, are excited

cumulative distribution of “unstable” measurements, i.e. data points around and beyond the
theoretical instability thresholds indicated in Fig. 13 by dotted lines. The black line gives
the sum of all colored histograms. For solar wind intervals with β∥ ≥∼ 3, more than 20 %
of the intervals would be unstable. However, the magnetic field fluctuation measurements,
shown in Fig. 13, suggest that the power is enhanced well before the thresholds—hence the
effect may be much larger.

It seems that the magnetic and velocity fluctuation power is injected near the ion scales
by instabilities, whose energy source is solar wind expansion or compression, and that this
effect is dependent on the plasma β . These quasi-linear ion instabilities co-exist with the
non-linear turbulent cascade in the solar wind. Therefore, if the goal is to study cascade
physics, care must be taken when studying ion scale fluctuations, to be certain that the
plasma is very near to isotropic T⊥/T|| ∼ 1 to avoid the quasi-linear ion instabilities. Inter-
estingly, the bottom panel of Fig. 13, which shows the collisional age of protons,16 demon-
strates that the condition T⊥/T|| ∼ 1 corresponds to a solar wind plasma that is collisionally
well-processed (‘old’) and so remains ‘fluid-like’, rather than kinetic. The measurements of
‘kinetic’ turbulence must be qualified by considering the particle pressure anisotropies, and
relative drifts between protons and α-particles and protons and electrons (Chen et al. 2013b;
Perrone et al. 2013).

16The collisional age is defined as τcoll = νppR/Vsw , the Coulomb proton-proton collision frequency νpp
multiplied by the transit time (or expansion time) from the Sun to 1 AU and is an estimate of the number of
binary collisions in each plasma parcel during transit from the Sun to the spacecraft.

§  In the solar wind ion distribution functions f(Vi) are anisotropic => 
§  ion temperature anisotropy instabilities develop to isotropy f(Vi)  
§  => quasi-monochromatic waves at a frequency/scale close to ion scales 

Ti? 6= Tik

[Marsch et al. 1983] 
[Alexandrova et al. 2013, SSR, 

courtesy of Stuart Bale] 



Ion temperature anisotropy as a function of 
plasma beta and 10 years of Wind data 

[Bale et al. 2009, PRL] 
See as well:  

[Matteini et al. 2007] 
[Hellinger et al. 2006] 

 [Kasper & Lazarus 2002] 

βp||  =  
nkTp||

B2 / 8π

=> At ion scales one expects 
to have a superposition of 
background turbulence + 
waves/instabilities.  



Ion scales: superposition of different phenomena 

[Lion et al, 2016, ApJ] 

Monochromatic 
Alfven waves at 
freq~fci with k|| 

(generated by AIC 
instability). 

Localized spatial 
structures with kperp at 

scale ~ ion Larmor 
radius 102 O. Alexandrova: Solar wind vs magnetosheath turbulence

Fig. 2. The surface of the current J above the vortex plane (x, ⇧)

and the contours of the potential A (that coincide here with the field

lines) in this plane for the monopolar structure with the radius of

localization a=1 and angle �=0.

where � and u can be zero only simultaneously. Its current

density J is a linear function of A��x inside a circle of ra-

dius a and vanishes outside
�

J = �k2(A � �x � c), r < a

J = 0, r ⌃ a
(21)

where k and c are constants. This solution is
⇥
⌅

⇤
A = A0(J0(kr) � J0(ka)) � 2�x

kr

J1(kr)

J0(ka)
+ �x, r < a

A = a2 �x
r2

, r ⌃ a.
(22)

Here A0 is a constant amplitude, J0 and J1 are the Bessel

functions of 0th and 1st order respectively, r=
⌥

x2+⇧2 is

the radial variable in the plane of the vortex.

The continuity of the solution (22) in r=a requires that

the parameter k and the radius a be coupled by the following

dispersion relation

J1(ka) = 0. (23)

This relation ensures the continuity of the magnetic field

B✏=(Bx, B⇧)=(⌘⇧A, �⌘xA) in r=a as well as a vanishing

divergence of B✏ everywhere.
Going back to the 3-D problem we must respect the fol-

lowing conditions: since ⌘z�✏ has to be satisfied, the an-
gle must be small, �⌥⌘z/✏⌥�. Similarly, the velocity u

must be also small in order to satisfy the condition ⌘t�◆ci ,

i.e. u⌥⌘t /◆ci⌥�. In principle, ⌥ is arbitrary, but of the order

of 1.

The Alfvén vortex solution (22) is the analogue of the in-

compressible unmagnetized hydrodynamic vortex solution,

and as in hydrodynamics, we distinguish here to types of vor-

tices: monopole and dipole.

The monopolar vortex solution correspond to the case with

�=0 (u=0), i.e., when the projection of the mean field to

Fig. 3. The same as Fig. 2 but for the bipolar vortex structure with

a=1, �=5⇤, here the current and field lines are symmetric with
respect to the line x=0 as far as the amplitude of the monopolar
part of the vortex is chosen to be A0=0.

the vortex plane is zero. This vortex is at rest in the plasma

frame. It corresponds to a field-aligned force-free current

localized within a circle of the radius a
�

A = A0(J0(kr) � J0(ka)), r < a

A = 0, r ⌃ a.
(24)

The monopole has the current J and the field lines as is

shown in Fig. 2. The contours of its magnetic field com-

ponents are shown in Fig. 4 (upper panels).

As soon as � �=0 (u�=0), the general solution (22) describes
the dipolar vortex. It is not stationary in the plasma as

the monopole, but propagates with velocity u along the ⇧-

direction, the direction of the mean field projection on the

vortex plane. The current of the dipolar vortex and its field

lines are presented in Fig. 3. Here the amplitude of monopo-

lar part A0 is chosen to be zero, otherwise A, J and the mag-

netic field lines are no more symmetric with respect to the

vortex center. The contours of its magnetic field components

are shown in Fig. 4 (lower panels).

Thus monopolar and dipolar vortices are topologically dif-

ferent and there is no continuous transition between them.

These differences reflect themselves in the Fourier spectra of

these two vortex types.

3.2 Power spectra of monopole and dipole

Suppose now that a magnetic probe moves in space, along

the x-axis with a constant velocity and a distance of closest

approach to the vortex axis ⇧. Figure 5 (upper panels) shows

the “measured” Bx-profiles of monopole and dipole vortex

structures, for ⇧=�0.2a. The lower panels of Fig. 5 show
the power spectral densities (PSD) of these signals calculated

via Fourier (solid lines) and via the Morlet Wavelet Trans-

forms (empty circles). The power spectra of both, monopole

and dipole, have a knee around the wave vector k = 1,

Nonlin. Processes Geophys., 15, 95–108, 2008 www.nonlin-processes-geophys.net/15/95/2008/

~Alfven vortex Current sheet 
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[Leamon et al. 1998] 



f�4

f�4

Total and individual spectra of 3 families: 
waves, structures, background 

§  AIC waves (20%) spectrum has a bump around the break fb 
§  Structures (40%) spectrum has a knee around fb and ~f-4 power-law at f>fb 
§  Spectrum of non-coherent fluctuations (40%) has NO break, but a smooth 

transition which can be described by : 

EB ⇠ f�3/2 exp(�f/f0), f0 = 0.3Hz



Nature of turbulence around ion scales: 
fast solar wind 

- Alfven Ion Cyclotron waves (with k||) 
-  Coherent structures (with kperp) 
-  Non coherent signal, which can be 
described by   

⇒ The total observed spectrum depends 
on the contribution (percentage) of each 
event (which depends on the local plasma 
parameters and field-to-flow orientation)  
 
⇒ These results may explain spectral 
variability around ion scales.  

EB ⇠ f�3/2 exp(�f/f0), f0 = 0.3Hz

[S. Lion, O. Alexandrova, A. Zaslavsky, 2016, APJ] 

[Perrone et al., 2016, APJ; Roberts et al. 2016, JGR] : slow wind (more 
compressible but smaller amplitudes structures + Alfven vortices).  



Nature of turbulence around ion scales  
in the slow solar wind ? 

[Bale et al., 2005, PRL] 

Let us consider Stuart Bale’s 2005 time interval in the slow solar wind 
(no clear ‘break’, plasma β~1-4).  At ion scales : KAWs ?    

6 Perrone et al.

00:30 01:00 01:30 02:00 02:30
Time

-0.10

-0.05

0.00

0.05

0.10

δ
b/

B
0

(a)

-4 -2 0 2 4
δb/σ(δb)

0.001

0.010

0.100

1.000

P
D

F

gaussian
threshold

(b)

00:33:40 00:34:00 00:34:20
Time

0

2

4

6

8

δ
b2  [1

0-2
 n

T
2 ]

threshold (c)

Fig. 3.— Panel (a): Temporal evolution of the reconstructed
compressible magnetic fluctuations normalized to the mean mag-
netic field �b/B0. Panel (b): Probability distribution function
(PDF) of reconstructed fluctuations (black-solid line) and the cor-
responding Gaussian fit (black-dashed line). The vertical red-solid
lines indicate the position of 3 standard deviations of the Gaus-
sian fit. This value represents the threshold that each event has to
exceed in order to be considered as an intermittent event. Panel
(c): Zoom of the compressible energy to explain how our selection
method for intermittent events works. The blue-solid line is an
envelope of the reconstructed energy, the dashed-lines show how to
define the width of a coherent structure, and the red stars indicate
the maximum of the energetic events.

ble. (However, AIC waves are outside of scope of
the present paper.) The observed fluctuating be-
havior of Flatness reflects non-homogeneous dis-
tribution of turbulent fluctuations, as observed at
Morlet wavelet scalogramms of Figure 1.
In the following, we will focus on range of scales

just around ion scales, [0.1, 2] Hz (denoted in Figure
2 by vertical black-dashed lines), that corresponds to a
time scale range �⌧ = [0.5, 10] s.

3. IDENTIFICATION OF INTERMITTENT EVENTS

The magnetic field fluctuations, in the particular scale
range �⌧ , can be defined using a band pass filter
based on the wavelet transform (Torrence & Combo

1998; He et al. 2012; Roberts et al. 2013) :

�b

i

(t) =
�j�t

1/2

C

�

 0(0)

j2X

j=j1

W̃
i

(⌧
j

, t)

⌧

1/2
j

, (12)

where j is the scale index and �j is the constant step
in scales; the factor  0(0) = ⇡

1/4 and the value of the
constant C

�

, that is derived from the reconstruction of
a � function using Morlet wavelet, is 0.776 (Torrence &
Combo 1998). Here we use ⌧(j1) = 0.5 s and ⌧(j2) =
10 s to study scales (and frequencies) around ion
scales.
As we have seen in Figure 2(b), at scales around

ion scales, compressibility increases. Let us con-
sider these compressible fluctuations, which we
denote �b. Figure 3(a) displays the time evolution
of �b defined by eq. (12) with Wk, and normal-
ized to the mean magnetic field over the whole time
interval under study, �b/B0. The PDF of �b, nor-
malized to its own standard deviation �(�b), is shown in
panel (b) (black-solid line) and it is compared to the cor-
responding Gaussian fit (black-dashed line): the present
non-Gaussian tails are characteristic of some intermit-
tency or inhomogeneity of the turbulence (Frisch 1995).
The vertical red-solid lines indicate the position of 3 stan-
dard deviations of the Gaussian fit, that include 99.7 %
of the Gaussian contribution. All the events that ex-
ceed this limit participate to the non-Gaussian part of
the PDF. This value will be used as a threshold to select
non-Gaussian compressible intermittent events.
Figure 3(c) shows a zoom of �b2(t), about 1 minute of

2 hours (black-solid line). An envelope of the energy
of magnetic fluctuations is indicated by the blue-solid
line and defined as the smooth curve outlining the ex-
tremes of the oscillating signal. The corresponding
threshold in the energy (�b2 =? nT2) is shown by
the horizontal red-solid line. The maxima of the
energy of the intermittent events over this thresh-
old are marked by red stars. We define the width
of an event �⇠

0
as the time range between the two

minima of the envelope, containing a maximum
of the energy over the threshold. Then the char-
acteristic temporal scale of an event, �⇠, can be
defined as the width at half height (intersection
of the black-dashed lines, in panel (c)).
During one minute time interval show in Fig-

ure 3(c) one observed 3 intermittent events, for
the whole time interval under study we get about
600 events. Characteristic time scale of these
events varies in the range �⇠ 2 [0.1, 10] s and the
width �⇠

0 2 [?, ?] s.
Five examples of the detected intermittent

events of di↵erent nature are shown in Figures 4-
8. In each of these figures, for the durations
(2�3)�⇠

0
, panel (a) displays magnetic fluctuations

�b

i

, i = x, y, z defined by eq. (12), in the reference
frame, which takes into account the directions of
the local mean magnetic field b

0

and flow veloc-
ity v

0

within each structure time scale �⇠
0
(time

between two vertical dashed lines): z is aligned
with the local b

0

(blue lines), x is aligned with
v
0

in the plane perpendicular to b
0

(black lines)

[Perrone  et al., 2016, APJ] 
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Fig. 5.— Example of linearly polarized compressible soliton-like
structure, centered at 02:10:42.5 UT. The panels are the same as
in Figure 4.

structures, n (black), determined by using the timing
method (see Section 4.2.1), of v

0

(red) and of b
0

(blue).
Moreover, the black-dashed lines indicate the plane of the
structures. Both structures have n perpendicular to b

0

.
If n of the magnetic hole is nearly aligned with the solar
wind flow speed in (x, y)–plane (⇥

nV? = 3� ± 8�), n of
the magnetic soliton is oblique to it (⇥

nV? = 55� ± 20�).
The propagation velocity of the structures along n in
the plasma rest frame (see Section 4.2.2) is V0 = (8 ±
64) km/s for the hole and V0 = (150 ± 177) km/s for
the soliton. Both structures are simply convected, in the
limit of errors, by the wind.
The normal to the structures was determined assum-

ing that the structure is locally planar, i.e. that the
hole and the soliton may have an infinite front in the
plane perpendicular to n, which includes B

0

(see pan-
els (e)). However, this front seems to be perturbed or
finite, especially in case of the magnetic hole. Indeed
from Figures 4(a) and (b) one can see that the di↵erent
satellites observe di↵erent amplitudes: satellite C2 sees
the event first and the largest amplitude, then, C3 and
C4 see the same signal, nearly at the same time, and
the smallest amplitudes, and C1 is the last to observe

∆r= 248.6km, ρp=   62.8km, βp= 1.6

     
7.6
7.7
7.8
7.9
8.0
8.1
8.2

B
 [
n
T

]

C1
C2
C3
C4

     
-0.4

-0.2

0.0

0.2

0.4

δb
i [

n
T

]

δbx
δby
δbz

-2 -1 0 1 2
time [sec]

-4

-2

0

2

4

J 
[n

A
/m

2
]

|J|

Jx
Jy
Jz

(a)

(b)

(c)

-200-100 0 100 200
x [km]

-200

-100

0

100

200
y 

[k
m

]

C1

C2

C3C4

-200-100 0 100 200
x [km]

-200

-100

0

100

200

z 
[k

m
] C1

C2
C3

C4

(d) (e)

Fig. 6.— Example of linearly polarized compressible shock-like
structure, centered at 01:17:44.9 UT. The panels are the same as
in Figure 4.

the signal, seeing a large amplitude, but smaller than on
C2. Such variation in amplitude cannot be explained by
an infinite plane; in that case, all satellites would see the
same amplitude in each point of the plane. Therefore, the
structure is not perfectly planar. If the magnetic hole is
a cylinder (or a cigar) with an axis along B

0

, variations
of the amplitude from one satellite to another is related
to the fact that di↵erent satellites cross the structure at
di↵erent distances from its axis. Along the axis the sig-
nal is expected to be the same, as it is indeed observed
on C3 and C4, separated along B

0

by ⇠ 100 km.
In the case of the magnetic soliton, the amplitudes of

the magnetic fluctuations (see Figure 5(b)) are nearly the
same on the four satellites, indicating that the topology
of the structure is not far from the planar front. This
front is going through C2 and C4 in (x,y)–plane (see
panel (d)). Note that these satellites observe the same
signal at the same time.
To conclude on the geometry of the discussed com-

pressible structures, a comparison of the signals on the
four satellites with di↵erent geometrical models of holes
and solitons should be done (a subject of our future
work).
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§  Magnetic solitons 
βp~1.2, we estimate 
phase speed in the 
plasma frame: Vφ=Vf ~Vth 
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Fig. 5.— Example of linearly polarized compressible soliton-like
structure, centered at 02:10:42.5 UT. The panels are the same as
in Figure 4.

structures, n (black), determined by using the timing
method (see Section 4.2.1), of v

0

(red) and of b
0

(blue).
Moreover, the black-dashed lines indicate the plane of the
structures. Both structures have n perpendicular to b

0

.
If n of the magnetic hole is nearly aligned with the solar
wind flow speed in (x, y)–plane (⇥

nV? = 3� ± 8�), n of
the magnetic soliton is oblique to it (⇥

nV? = 55� ± 20�).
The propagation velocity of the structures along n in
the plasma rest frame (see Section 4.2.2) is V0 = (8 ±
64) km/s for the hole and V0 = (150 ± 177) km/s for
the soliton. Both structures are simply convected, in the
limit of errors, by the wind.
The normal to the structures was determined assum-

ing that the structure is locally planar, i.e. that the
hole and the soliton may have an infinite front in the
plane perpendicular to n, which includes B

0

(see pan-
els (e)). However, this front seems to be perturbed or
finite, especially in case of the magnetic hole. Indeed
from Figures 4(a) and (b) one can see that the di↵erent
satellites observe di↵erent amplitudes: satellite C2 sees
the event first and the largest amplitude, then, C3 and
C4 see the same signal, nearly at the same time, and
the smallest amplitudes, and C1 is the last to observe
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Fig. 6.— Example of linearly polarized compressible shock-like
structure, centered at 01:17:44.9 UT. The panels are the same as
in Figure 4.

the signal, seeing a large amplitude, but smaller than on
C2. Such variation in amplitude cannot be explained by
an infinite plane; in that case, all satellites would see the
same amplitude in each point of the plane. Therefore, the
structure is not perfectly planar. If the magnetic hole is
a cylinder (or a cigar) with an axis along B

0

, variations
of the amplitude from one satellite to another is related
to the fact that di↵erent satellites cross the structure at
di↵erent distances from its axis. Along the axis the sig-
nal is expected to be the same, as it is indeed observed
on C3 and C4, separated along B

0

by ⇠ 100 km.
In the case of the magnetic soliton, the amplitudes of

the magnetic fluctuations (see Figure 5(b)) are nearly the
same on the four satellites, indicating that the topology
of the structure is not far from the planar front. This
front is going through C2 and C4 in (x,y)–plane (see
panel (d)). Note that these satellites observe the same
signal at the same time.
To conclude on the geometry of the discussed com-

pressible structures, a comparison of the signals on the
four satellites with di↵erent geometrical models of holes
and solitons should be done (a subject of our future
work).

§  Shocks : βp≥1, Machf=3 

Nature of turbulence around ion scales  
in the slow solar wind ?   



[Perrone et al., 2016, APJ] 

§  Magnetic holes (βp~2), 
Vφ=0, Tperp/T||>1  

=> NL evolution of mirror 
instability ? 

Nature of turbulence around ion scales  
in the slow solar wind ? 

6r/lp=   2.1, lp=   65.2km, `p= 1.9
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Nature of turbulence around ion scales  
in the slow solar wind ? 

§  Current sheets with 
δBperp>>δB|| (βp≤1), Vφ=0 

§  Alfven vortex like structures with δBperp>>δB|| 
(βp~1.2), Vφ∈[0.5, 2]VA 
 
§  Compressible vortex like structures with 
δBperp~δB|| (Vφ=0, or ∈ [1, 4]VA) 
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Nature of turbulence around ion scales  
in the fast and slow solar wind 

§  Slow wind: mixture of compressible 
(solitons and shocks) and Alfvenic 
(current sheets and vortices) 
coherent structures with small 
amplitudes δB/B~0.1 and quasi-perp 
wave vectors (kperp>>k||).  

§  Fast wind: Alfvenic structures with 
high amplitudes (δB/B>0.5) and kperp + 
Alfven (IC) waves of small amplitudes 
with k||. 
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Fig. 13.— Distribution of the velocity of the structures in the
plasma frame, V0, normalized to the Alfvén speed, V

A

, (green dot-
dashed line), to the speed for fast modes, V

F

, (black solid line) and
to the proton thermal speed, V

th

, (blue dashed line). The present
distribution takes into account only the structures with ⇣ > 0.85
(see text for details).

the plasma frame, we have to project velocity of the so-
lar wind also along the normal. However, it is possible
that the angle between the local solar wind speed and
the normal is large (in the extreme case, they can be
perpendicular) and, in these situations, some artifacts
can be introduced in the determination of V0.
In order to check erroneous results in the calculation

of V0, we define the parameter, ⇣:

⇣ =
v
sw

· n
v

sw

, (21)

where v

sw

is the modulus of the local mean solar wind
speed. When n and v

sw

are parallel (antiparallel),
⇣ = 1(�1), while if they are perpendicular ⇣ = 0. To
remove the artifacts in the determination of V0, in Figure
13, we show the distribution of V0 only for the structures
for which |⇣| > 0.85. Under this condition, we recover
32 structures, out of 74. Di↵erent normalizations have
been taken into account, with the characteristic velocities
evaluated in the relative upstream region for each struc-
ture; in particular, we consider the Alfvén speed (V

A

) as
green dot-dashed line, the speed for the fast modes (V

F

)
as black solid line, and the proton thermal speed (V

th

)
as blue dashed line. The distributions show that, regard-
less of the chosen normalization, the structures propagate
preferentially downstream. Moreover, the most suitable
normalization for the velocity is V

F

, for which the dis-
tribution of V0 shows a sharp peak around �V

F

(black
solid line). Instead, the distribution of V0/Vth

displays
a broader peak between -4 and 0 (blue dashed line). Fi-
nally, no clear distribution is found for V0/VA

, meaning

Fig. 14.— Bi-dimensional (a) and three-dimensional (b) geome-
tries for the structures.

that the Alfvén speed is not the proper quantity to de-
scribe the physics of the present structures. It is worth
to point out that few examples of very fast structures
(in the tail of the distributions) are also observed, prob-
ably due to the weakness of the selection method for non
isolated structures.

5. SUMMARY AND CONCLUSIONS

In this paper, we have discussed the identification of
di↵erent coherent structures close to the proton spectral
break in the solar wind turbulent cascade, by means of
a wavelet automatic selection method. For our study
we have chosen an interval of time, characterized by a
strong density and constant total pressure. Although
the selected 2 hours of stream are almost homogeneous
in density, the corresponding magnetic field is not homo-
geneous but it quickly changes, meaning that the satellite
explores regions of solar wind from di↵erent flux tubes.
Therefore no clear correlations between the di↵erent pa-
rameters for the selected structures can be discussed.
The only chance to characterize in detail the di↵erent de-
tected structures is to study each of them singularly. The
detailed study of the di↵erent families and their theoret-
ical interpretation will be the object of our future works.
However, all the interval is characteristic of a stream with
�

p

� 1. Peaks in �

p

are observed in correspondence of
strong modification of the magnetic field.
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the plasma frame, we have to project velocity of the so-
lar wind also along the normal. However, it is possible
that the angle between the local solar wind speed and
the normal is large (in the extreme case, they can be
perpendicular) and, in these situations, some artifacts
can be introduced in the determination of V0.
In order to check erroneous results in the calculation

of V0, we define the parameter, ⇣:

⇣ =
v
sw

· n
v

sw

, (21)

where v
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is the modulus of the local mean solar wind
speed. When n and v
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are parallel (antiparallel),
⇣ = 1(�1), while if they are perpendicular ⇣ = 0. To
remove the artifacts in the determination of V0, in Figure
13, we show the distribution of V0 only for the structures
for which |⇣| > 0.85. Under this condition, we recover
32 structures, out of 74. Di↵erent normalizations have
been taken into account, with the characteristic velocities
evaluated in the relative upstream region for each struc-
ture; in particular, we consider the Alfvén speed (V

A

) as
green dot-dashed line, the speed for the fast modes (V
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preferentially downstream. Moreover, the most suitable
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(black
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nally, no clear distribution is found for V0/VA

, meaning
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that the Alfvén speed is not the proper quantity to de-
scribe the physics of the present structures. It is worth
to point out that few examples of very fast structures
(in the tail of the distributions) are also observed, prob-
ably due to the weakness of the selection method for non
isolated structures.

5. SUMMARY AND CONCLUSIONS

In this paper, we have discussed the identification of
di↵erent coherent structures close to the proton spectral
break in the solar wind turbulent cascade, by means of
a wavelet automatic selection method. For our study
we have chosen an interval of time, characterized by a
strong density and constant total pressure. Although
the selected 2 hours of stream are almost homogeneous
in density, the corresponding magnetic field is not homo-
geneous but it quickly changes, meaning that the satellite
explores regions of solar wind from di↵erent flux tubes.
Therefore no clear correlations between the di↵erent pa-
rameters for the selected structures can be discussed.
The only chance to characterize in detail the di↵erent de-
tected structures is to study each of them singularly. The
detailed study of the di↵erent families and their theoret-
ical interpretation will be the object of our future works.
However, all the interval is characteristic of a stream with
�

p

� 1. Peaks in �

p

are observed in correspondence of
strong modification of the magnetic field.
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Alfven vortex: important ingredients of 
space plasma turbulence  

Ex: downstream of the Earth’s bow shock 

dDt = kDt13 ! (Dt14 + Dt43)k; see the last column of
Table 1. In these cases, the same magnetic structures are
most probably observed by the satellites C1, C3, and C4
and we can study their 3-D geometry.
[35] As one can see from Table 1, the delay Dt34 varies

between 2.1 s and 2.5 s. As discussed above, a plane wave
packet travelling strictly parallel to B0 should be observed
simultaneously on C3 and C4, which have a separation
vector approximately perpendicular to B0. Even if the wave
vector makes an angle of "10! with B0 (see section 3.1), the
satellites C3 and C4 should observe the same signal with a
time delay of order 0.3 s, an order of magnitude smaller that
the observed Dt34. Therefore the magnetic structure of the
energetic peaks 1–3, 5, and 6 is not that of a plane wave
packet but is localized in the plane perpendicular to B0.
[36] We see in Table 1 that the correlation R13 between

the signals measured on C1 and C3 is larger than R14 and
R34. As the separation vector between C1 and C3 is nearly
along the mean magnetic field, the coherent magnetic
structures are roughly uniform along B0, at least on scales
of the order of the Cluster separation, 600 km.
[37] Thus the analysis of the time delays between the

Cluster spacecraft indicates that the energetic peaks of
Figure 2c correspond to magnetic coherent structures
aligned with B0 and localized in the plane perpendicular
to B0 with a cross section smaller than the distance between
C3 and C4. In the following analysis we assume that the
cross section is nearly circular. It could be elliptical as well,
but with only four satellites not much more could be
deduced.
3.2.2. Propagation Speed
[38] With the four Cluster satellites it is possible to

determine the velocity V and the direction of propagation
n of a locally planar structure moving with a constant speed
in the satellite frame [Schwartz, 1998]

D1i #
n

V ¼ Dt1i; i ¼ 2; 3; 4: ð14Þ

Here D1i = Di ! D1 is a separation vector between the
satellites C1 and Ci, Dt1i is a temporal delay between
measurements on these two satellites. This method, based
on time and space separations, is called the timing method.
Actually, the timing method keeps its validity (see
Appendix B) for cylindrical structures when the following
conditions are satisfied: (1) four satellites observe similar
signals; (2) the maxima of the six correlation functions Rij

(with i = 1, 3 and j = 2, 4) and the corresponding time delays
are well defined; (3) the relation (12) is verified for all
triplets of satellites.
[39] The timing method can therefore be applied to the

coherent structures corresponding to the energetic peaks.

However, only three (2, 3, and 6) among the five localized
structures of Table 1, satisfy the conditions of applicability
of the timing method. For these three events Table 2
presents the time delays between the six satellite pairs.
One can see indeed that the relation (12) is verified for all
triplets of satellites, indicating that these events are observed
by the four satellites. The fact that the other events are not
observed by the four satellites is consistent with their space
localization.
[40] As an example, Figure 6 shows the waveforms for

the event number 3. Here the magnetic fluctuations mea-
sured on C2, C3, and C4 are shifted with respect to the ones
observed on C1 by the corresponding time delays Dt1i, i =
2–4, and one can see directly that the four satellites observe
the same event.
[41] The velocities V obtained by the timing method (and

the corresponding error dV) for the structures 2, 3, and 6 are
given in Table 3. To obtain dV, we have taken into account
the fact that the satellite separations are determined with an
error of 1% [Credland et al., 1997] and estimated the error
on the time delays using the largest deviations about the
coherency condition (12). The last line of the table gives the
plasma bulk velocity, which is known with a 10% precision
[Rème et al., 2001]. All velocities in this table are projected

Table 2. Time Lags for the Three Events Observed by All Cluster
Satellitesa

Event t0, UT Dt12 Dt13 Dt14 Dt23 Dt24 Dt34

2 1702:50 1.29 !1.48 0.78 !2.77 !0.55 2.27
3 1703:11 1.68 !1.52 0.78 !3.16 !0.90 2.23
6 1705:30 !0.47 !1.33 1.21 !0.82 1.68 2.50
aAll the time delays are measured in seconds.

Figure 6. Superposition of magnetic field fluctuations
observed around 1703:11 UT by all the Cluster satellites. In
the four panels the energy and the three components of the
magnetic fluctuations are shown for a 13 s time period,
different line styles indicate different satellites, as shown in
the bottom panel.
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[Alexandrova et al. 2006, JGR] 



Alfven vortices in the Saturn’s 
Magnetosheath (Cassini observations) 

§  BIMF = 0.3 nT 
§  Bmsh = 1.2 nT 
§  nmsh ~ 0.5 cm-3 (Voyager-2) 
§  Vb,msh ~ 130 km/s (Voyager-2) 
§  c/ωpi ~ 300 km 
§  Mach ~ 15 

[A
lexandrova &

 S
aur, 2008, G

R
L] 



 What is going on at electron scales? 
 

§  The best space mission (at the moment) to study sub-
ion and electron scales in the solar wind is Cluster (4 
identical satellites, 2000 - 2018). 

 
§  Cluster mission has the most sensitive SC 

magnetometer, better than on MMS (mag. fluctuations 
up to 400 Hz in the solar wind).   

§  Cluster is devoted to magnetospheric research, spend 
short time intervals in the solar wind/orbit. 

§  1h of data in the solar wind: +/-limit for MHD scales, OK 
to study kinetic scales.  



[Alexandrova et al. 2009, PRL; 2013, SSR] 

Turbulent spectrum between MHD and 
electron scales (Cluster measurements) 

§  General spectra at MHD and between ion and electron scales (~k-2.8).  
§  Spectral variability around ion scales depends on coherent structures 
types and presence of ion instabilities [e.g. Matteini+’07, Bale+’09, Lion+’16, 
Perrone+’16, Roberts+’16].  
§  End of the cascade? Dissipation scales? 



Universal Kolmogorov’s function: 
Frisch, Turbulence: the legacy of Kolmogorov, 1996 

E(k)⇥d/�
2 = F (k⇥d)

`d: dissipation scale

⌘: viscosity

In HD turbulence, this normalization collapses spectra 
measured under different conditions. 



Universal Kolmogorov’s function: 

§  Assumption: η=Const 
§  kρi & kλi - normalizations are not efficient for collapse 
§  kρe normalization bring the spectra close to each other.  

[Alexandrova et al., 2009, PRL] `d ⇠ ⇢e

Dissipation scale? 

with dissipation scale ⇤d = ⇥i,e,�i,e

Let us try to apply this kind of normalization for sw spectra and for 
different candidates for the dissipation scale:   



Spectrum at kinetic scales and dissip. scale 
[Alexandrova et al., 2012, APJ] 

[Chen et al., 1993, PRL] E(k) = Ak��
exp(�k/kd)

`d ⇠ ⇢e



Spectral shape: 2 alternatives approachs   
[Alexandrova et al., 2012, APJ] 

[Alexandrova et al., 2012, APJ] 
Sahraoui et al. [2013] show 
similar results.   

-  small dispersion for α1 around 2.86 and high dispersion for α2 
-  Exponential-model has 3 free parameters (A,α,ld) 
-  2-power-law model has 5 free parameters (A1,α1,A2,α2,kbreak) 
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Figure 5. Same format as Figure 3, but for the parameters of the break model
determined from the fitting with 30 spectra, i.e., (a) histograms on the spectral
indices, (b) break scale ℓb as a function of α1 (open circles) and α2 (filled
circles), (c) ℓb as a function of the electron Larmor radius ρe , and (d) ℓb as a
function of the electron inertial length λe .

dissipation ranges (i.e., scales smaller than ρi and λi) with the
double power law or break model

Ẽ(k⊥) = A1k
−α1
⊥ (1 − H (k⊥ − kb)) + A2k

−α2
⊥ H (k⊥ − kb), (4)

H (k⊥ − kb) being the Heaviside function, kb the wavenumber
of the break scale ℓb = 1/kb, A1,2 the amplitudes of the two
power-law functions with spectral indices α1,2 on both sides
of kb. This model has five free parameters. Note that Equation (4)
is not differentiable for k = kb. Near kb the turbulent level has
to be the same on both sides. Thus, kb can be determined by the
four other parameters of the model,

log10 kb = log10(A1/A2)
α1 − α2

. (5)

Iterations to find the model parameters with condition (5)
converge to different results, depending on the initial kb.
Therefore, minimizing the error of the fit over kb is needed,
so that finally the model has still five free parameters.

We apply this break model to the 100 observed spectra within
the same k⊥-range as was done for the exp model. Despite the
fact that the break model has more free parameters than the
exponential model, we find that it can be applied only to
30 spectra; for the 70 other spectra there is no solution with
condition (5) verified, indicating the absence of a clear break
point, or, for a part of these spectra, not enough data points to
isolate the second power law.

Figure 5 summarizes the parameters of the break model
determined from the fitting of the 30 spectra. For these spectra,
the condition (5) is verified. Panel (a) shows histograms of
the spectral indices: the mean values are α1 = 2.86 ± 0.08,
α2 = 3.91 ± 0.29. Note the narrow dispersion of the spectral
index α1. It is close to α, when ℓd is negligible (see Equation (2))
so confirming the spectrum between ion and electron scales
found by Alexandrova et al. (2009). So we can fix one of the
parameters of the model. The second exponent α2 has a large

Figure 6. Example of an observed spectrum (lower black line) compared with
E(k) ∼ k−2.7 exp(−kℓd ) (red dashed line), with ℓ−1

d marked by a red diamond;
the error of the fit is △2

exp = 1.8 × 10−3 (nT4 km2). The same spectrum,
shifted by a factor 102 and compared with E(k) ∼ k−2.8 below the break
shown by a blue diamond, and with ∼k−4.0 above it (blue dashed line); here,
△2

break = 1.9 × 10−3 (nT4 km2). Ion and electron characteristic scales are
marked by arrows; a vertical dotted line indicates the beginning of the k-domain
where the fits are performed. The inset shows histograms of the fitting errors,
△2

exp (red, for 100 spectra) and △2
break (blue, for 30 spectra).

(A color version of this figure is available in the online journal.)

dispersion, not found to be controlled by any plasma parameter.
The values of the spectral indices are correlated to the position
of the break scale ℓb (see panel (b)). Figure 5(c) shows ℓb

as a function of ρe. No correlation is observed. Figure 5(d)
shows ℓb as a function of λe: the correlation is positive but
weak (≃ 0.43). From the comparison of the observed turbulence
spectra at plasma kinetic scales with the break model, one may
conclude that this model has one fixed parameter, another is
fixed by the condition (5), the other three parameters are free,
not found to be determined by plasma parameters.

It is important to note that the errors of the fit of the break and
exp models are of the same order. Figure 6 shows an example of
a solar wind spectrum (black lines) fitted with both models, with
the least mean square distance between the observed spectra and
the fit, △2, given in the caption; the insert shows histograms of
△2

exp (red) for 100 spectra and △2
break (blue) for 30 spectra: the

same mean values of the histograms are observed. This leaves us
free to choose the model, based on other criteria than goodness
of the fit, namely, on the number of degrees of freedom of the
model and on the number of described cases.

4. DISCUSSION AND CONCLUSION

The exp model E(k⊥) = Ak
−8/3
⊥ exp(−k⊥ρe) proposed in this

study provides a single algebraic description of the solar wind
spectrum at scales smaller than the ion characteristic scales, λi

and ρi , and going beyond the electron scales (i.e., within the
electron inertial and dissipation ranges). This model describes
well the totality of the observed spectra and has only one free
parameter—the amplitude A of the spectrum. The amplitude
seems to be a function of the ion thermal pressure and the ion
temperature anisotropy in the solar wind. However, it is difficult
to exclude the role of the magnetic and kinetic energies: more
work is needed to determine the exact relationship between the
amplitude of the turbulent spectrum and the energy budget in
the solar wind.
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circles), (c) ℓb as a function of the electron Larmor radius ρe , and (d) ℓb as a
function of the electron inertial length λe .
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double power law or break model

Ẽ(k⊥) = A1k
−α1
⊥ (1 − H (k⊥ − kb)) + A2k

−α2
⊥ H (k⊥ − kb), (4)

H (k⊥ − kb) being the Heaviside function, kb the wavenumber
of the break scale ℓb = 1/kb, A1,2 the amplitudes of the two
power-law functions with spectral indices α1,2 on both sides
of kb. This model has five free parameters. Note that Equation (4)
is not differentiable for k = kb. Near kb the turbulent level has
to be the same on both sides. Thus, kb can be determined by the
four other parameters of the model,

log10 kb = log10(A1/A2)
α1 − α2

. (5)

Iterations to find the model parameters with condition (5)
converge to different results, depending on the initial kb.
Therefore, minimizing the error of the fit over kb is needed,
so that finally the model has still five free parameters.

We apply this break model to the 100 observed spectra within
the same k⊥-range as was done for the exp model. Despite the
fact that the break model has more free parameters than the
exponential model, we find that it can be applied only to
30 spectra; for the 70 other spectra there is no solution with
condition (5) verified, indicating the absence of a clear break
point, or, for a part of these spectra, not enough data points to
isolate the second power law.

Figure 5 summarizes the parameters of the break model
determined from the fitting of the 30 spectra. For these spectra,
the condition (5) is verified. Panel (a) shows histograms of
the spectral indices: the mean values are α1 = 2.86 ± 0.08,
α2 = 3.91 ± 0.29. Note the narrow dispersion of the spectral
index α1. It is close to α, when ℓd is negligible (see Equation (2))
so confirming the spectrum between ion and electron scales
found by Alexandrova et al. (2009). So we can fix one of the
parameters of the model. The second exponent α2 has a large

Figure 6. Example of an observed spectrum (lower black line) compared with
E(k) ∼ k−2.7 exp(−kℓd ) (red dashed line), with ℓ−1

d marked by a red diamond;
the error of the fit is △2

exp = 1.8 × 10−3 (nT4 km2). The same spectrum,
shifted by a factor 102 and compared with E(k) ∼ k−2.8 below the break
shown by a blue diamond, and with ∼k−4.0 above it (blue dashed line); here,
△2

break = 1.9 × 10−3 (nT4 km2). Ion and electron characteristic scales are
marked by arrows; a vertical dotted line indicates the beginning of the k-domain
where the fits are performed. The inset shows histograms of the fitting errors,
△2

exp (red, for 100 spectra) and △2
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dispersion, not found to be controlled by any plasma parameter.
The values of the spectral indices are correlated to the position
of the break scale ℓb (see panel (b)). Figure 5(c) shows ℓb

as a function of ρe. No correlation is observed. Figure 5(d)
shows ℓb as a function of λe: the correlation is positive but
weak (≃ 0.43). From the comparison of the observed turbulence
spectra at plasma kinetic scales with the break model, one may
conclude that this model has one fixed parameter, another is
fixed by the condition (5), the other three parameters are free,
not found to be determined by plasma parameters.

It is important to note that the errors of the fit of the break and
exp models are of the same order. Figure 6 shows an example of
a solar wind spectrum (black lines) fitted with both models, with
the least mean square distance between the observed spectra and
the fit, △2, given in the caption; the insert shows histograms of
△2

exp (red) for 100 spectra and △2
break (blue) for 30 spectra: the

same mean values of the histograms are observed. This leaves us
free to choose the model, based on other criteria than goodness
of the fit, namely, on the number of degrees of freedom of the
model and on the number of described cases.

4. DISCUSSION AND CONCLUSION

The exp model E(k⊥) = Ak
−8/3
⊥ exp(−k⊥ρe) proposed in this

study provides a single algebraic description of the solar wind
spectrum at scales smaller than the ion characteristic scales, λi

and ρi , and going beyond the electron scales (i.e., within the
electron inertial and dissipation ranges). This model describes
well the totality of the observed spectra and has only one free
parameter—the amplitude A of the spectrum. The amplitude
seems to be a function of the ion thermal pressure and the ion
temperature anisotropy in the solar wind. However, it is difficult
to exclude the role of the magnetic and kinetic energies: more
work is needed to determine the exact relationship between the
amplitude of the turbulent spectrum and the energy budget in
the solar wind.
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General spectrum at kinetic scales 

§  For different solar wind conditions we 
find a general spectrum with “fluid-like” 
roll-off at electron scales [Alexandrova+’12]. 
§  Electron Larmor radius seems to play 
a role of the dissipation scale in 
collisionless solar wind [Alexandrova
+’09,12; Sahraoui+10,13]  

E(k) = Ak�8/3
exp(�k�e)



Nature of turbulence at sub-ion scales? 
(See as well the lectures of S. Boldyrev and M. Kunz)  

Dashed line: PSD(Bx)=Pxx, Bx is perp to B0, in the plane (R,B0),  
where R is the radial direction (or solar wind velocity V-direction). 
Solid line: PSD(By)=Pyy, By is perp to the plane (R,B0).  
Dotted line: PSD(Bz) = Pzz = P|| ;  Bz is parallel to B0 ; Pperp=Pxx+Pyy  

1.  Anisotropy of δB in B-V frame 
2.  non-gyrotropy of B-fluctuations 

with PSD(By) > PSD(Bx).  
3.  Compressibility increases with 

frequency. 

[Lacombe, Alexandrova, Matteini, under rev., APJ] 



Non-gyrotropy of δB => k-anisotropy  
[Saur & Bieber 1999] 

Slab : k||B0  

 2D k (q=spectral index): 

Isotropic k (Θ is the flow-to-field angle): 

P

yy

/P

xx

=
(1 + q)/2

cos

2⇥(1 + q)/2 + sin

2⇥

P
yy

/P
xx

= q

P
yy

/P
xx

= 1, �B
x

' �B
y

§  at f<10 Hz : 2D turbulence (kperp>>k||).  
§  at f>10 Hz : a more isotropic k-distribution. 
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Compressibility of δB at kinetic scales 

§  S||/S at f<20 Hz is compatible with KAW fluctuations [Boldyrev et al. 2013, 
TenBarge et al. 2012, Schekochihin et al. 2009].  

§  At f>20 Hz, i.e. at electron scales, S||/S is not compatible with KAWs, rather 
with slow-ion acoustic modes [Gary, 1992; Krauss-Varban et al., 1994; 
Camporeale and Burgess, 2011, Schreiner and Saur, 2017]. 

§  Fluctuations ~ superposition of q-linear waves?  

Mean compressibility for 5 high beta (2.5-5) events   

Mean compressibility for 5 low beta (0.28-0.35) events   
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Nature of solar wind sub-ion scales turbulence ? 

  
§  Example of intermittent structure at 

scales close to electron scales (10 
km): Kinetic Alfven vortex ?  

§  Signature of strong turbulence..  
§  Turbulence nature: superposition 

of modes + coherent structures… 



2004-04-18, 11h40 

§  The spectral bump at f<fce is observed by both, STAFF-SC and SA; 
§  it corresponds to coherent wave-packets of whistlers (RH 
polarization): 

Cluster/STAFF-SC+SA 

Parallel whistlers in the solar wind 

�⇥
xy

= ⇥
y

� ⇥
x

= 90� ! RH



Sporadic parallel whistlers  

[Sahraoui et al., 2013] 

Phase difference in the plane perp to B0 
around 90o is a signature of whistlers: 

Permanent turbulence + sporadic whistler waves => spectral break/knee 
at the frequency of whistlers 

�⇥
xy

= ⇥
y

� ⇥
x

= 90� ! RH



Magnetic spectra with long-lived whistlers  

§  f/f_ce normalization is more appropriate 

§  Spectral bumps are observed between the lower hybrid 
frequency sqrt(fce*fci) and 0.5fce 

§  These frequencies are typical of whistler mode waves.  

10 minutes spectra 

[Lacombe et al. 2014, APJ] 



The electron heat flux instability  

Qe =
Z

m

2
UU2f(v)d3v,

U = v� < v >

Q
max

=
3
2
m

e

n
e

v3

Whistlers (diamonds) are observed at 
the threshold for the whistler heat flux 
instability (dashed line, Gary et al.,99) 

The whistler heat flux instability contributes to the regulation of 
the electron heat flux, at least for βe>3 at 1 AU. 

[Lacombe et al. 2014, APJ] 



Turbulence nature: weak (or wave) vs strong  

Weak turbulence: 
mixture of waves with 

+/-random phases 

Strong turbulence: mixture 
of NL structures (vortices, 

current sheets, ect…) 

C
ou

rte
sy
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. 

G
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tie
r 

k-5/3 and k-8/3 ranges: strong 
turbulence with ‘waves properties’ + 

sometimes instabilities at ion and 
electron scales (Q-linear waves).   

Zooms around ion and electron scales: 
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Weak wave turbulence 

!  Statistical theory of weakly nonlinear dispersive waves 

!  Exact solutions can be found via the Zakharov transform 
 

Weak turbulence: 
mixture of waves with 

+/-random phases 



Turbulence nature: weak (or wave) vs strong  

Courtesy of Lorenzo Matteini: 2D hybrid expanding box simulations showing 
developpment of strong turbulence (vortices) with superposed waves at ion scales.   

Weak turbulence: 
mixture of waves with 

+/-random phases 

Strong turbulence: mixture 
of NL structures (vortices, 

current sheets, ect…) 

C
ou
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. 

G
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[Hellinger, Matteini et al., 2015, APJL] 

Weak wave turbulence 

!  Statistical theory of weakly nonlinear dispersive waves 

!  Exact solutions can be found via the Zakharov transform 
 

Weak turbulence: 
mixture of waves with 

+/-random phases 



§  Plasma turbulence is an important ingredient in many astrophysical systems. 
§  Solar wind is one of the best laboratories of space plasma turbulence. 
§  We resolve turbulent fluctuations from MHD (107 km) to sub-electron scales (300 m). 
§  General turbulent spectrum for kperp fluctuations + variability at plasma scales;  
§  Variaty of coherent structures; quasi-linear instabilities at ion and e-scales 
§  NB: Polarization/waveform analysis in time is very important. We can not make 
conclusions on the nature of turbulence by looking only at spectra ! 
 
§  Dissipation of turbulent energy ?  
 
Recent/future space missions: MMS, Solar Orbiter (ESA, 2019), Solar Probe Plus  
(NASA, 2018), THOR (ESA?) will answer this question ? 

Conclusion and discussion 

THOR: Turbulence Heating ObserveR 





Bonus 

•  E field spectrum 
•  Phase coupling between magnetic field components 
•  Separation k_perp turbulence from whistlers  
•  Observed Compressibility VS KAWs compressiblity 
•  Wavelets and coherent structures 



E field spectrum 

[Matteini et al., MNRAS, 2017] 
[Mangeney et al., 2006; Lacombe et al., 2006] 

[Bale et al., 2005, PRL] 

Slow solar wind Magnetosheath (Cluster) 



Phase coupling between 2 magnetic components 

Alfven Ion Cyclotrone waves with k|| and w ~ wci, instable for Tperp>T||  
[Lion et al, 2016, APJ]. 

 [Grinsted et al., 2004] : 

in the perpendicular to B plane 
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Here A0 is a constant amplitude, Ji is the Bessel function of ith
order, � �r x y2 2 is the radial variable in the plane of the
vortex, and B H� tan , with γ the angle between the normal to
the plane (x, y) and B0. The vortex radius a represents the
radius of the circle where the fluctuations are concentrated. To
ensure the continuity of the magnetic field components at
r = a, k is chosen to be one of the roots j1,l of J1. The
comparison is done in Figure 5(d), for k = j1,3 ; 10.17,

A0 = 0.27 in normalized units, and α = 0, i.e., the Alfvén
vortex has a monopole topology and it is static in the plasma
frame. This fitting corresponds to the trajectory of the satellite
across the center of the vortex, with a small angle of 13° to the
direction of the intermediate variance emed (or the x-axis of the
vortex model).
One can see that the monopole Alfvén vortex model (dashed

lines in Figure 5(d)) fits the observations (solid lines) well. The
small deviations can come from (i) the fact that the filter
(Equation (2)) is far from ideal, and (ii) a superposition of the
neighboring events on the studied vortex-like structure.
We estimate the radius of the vortex a (that is half the extent

of magnetic fluctuations that are fitted to the vortex model) to
be Δt3/2 ∼ 7 s. The scale of the strongest gradient within the
vortex (scale of the central field-aligned current filament) is of
the order of τ = 2 s. Thus, the temporal scales of the vortex are
around the break scale � �f 2.3b

1 s. Using the projection of the
solar wind velocity on the vortex plane ( ) ( )� e ex y, ,max med ,
450 km s−1, we obtain the vortex radius a ∼ 3150 km or 25.4λi
and 29.2 ρi; and the scale of the strongest gradient ℓ ∼ 900 km
or 7.3λi and 8.3 ρi.
However, in order to have confidence in the interpretation in

terms of the Alfvén vortex, a multi-satellite analysis should be

Figure 5. Two examples of coherent energetic events presented in the minimum variance frame calculated over time intervals of 30 s shown here. Left panels: current
sheet detected at 13:29:46: (a) raw data, (c) fluctuations defined by Equation (2) in the frequency range [0.06, 0.6] Hz; duration Δt0 ; 3 s. Right panels: signatures of
an Alfvén vortex-like structure at 13:42:27: (b) raw data, (d) fluctuations defined in the frequency range [0.1, 0.4] Hz superposed on the monopole Alfvén vortex
model from Petviashvili & Pokhotelov (1992); duration Δt3 ; 14 s.
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Phase coupling between Bx and Bz (|| to B0) 

Current sheet 
~Alfven vortex 
(1st direct observation 
at ion scales in the 
fast SW),  
Lion et al. 2016, APJ 



Scales covered by coherent structures ? 
Influence on the spectral shape ? 

-  Structures cover all obsreved 
scales? 

-  Dominate in the turbulent 
spectrum? 

Amplitudes of δBperp: 

Phase coupling between 2 components of B: 



Scales covered by coherent structures ? 
Influence on the spectral shape ? 

 
§  Local slopes of individual spectra show that coherent structures have flatter 
spectrum in the inertial range and the spectrum has -4 index at f>fb !  
§  Non-coherent spectrum has no break and no -4 slope at small scales.    
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a-1 

Spectrum of a vortex 
[Alexandrova, 2008]: 

Mean coherence as a function of frequency => ranges of scales, where 
coherent events dominate : 
§  Coherency (Bx-By): waves signatures cover a narrow frequency range around fb. 
§  Coherency (Bx-Bz): coherent structures cover nearly 2 decades and ‘stops’ at fb. 





Data selection at sub-ion scales 
1. Cluster/Whisper measures electric field fluctuations around the plasma frequency 
(check for bow-shock connection) 
2. Cluster/STAFF-SA: magnetic fluctuations within the (8Hz,4kHz) range, polarization 
and propagation direction 

�(emin,B0) < 15�

Ellipticity=1  circular RH 

SW2 foreshock SW1 

SW2 

SW1 

§  Polarized fluctuations => spectra with bumps (10% of data) 
§  Non-polarized fluctuations => permanent (or background) turbulence (90% of data, 
Alexandrova et al. 2012, 2013) 
§  Permanent turbulence + sporadic polarized fluctuations => “intermediate” spectral shape 
with a break or a small bump (as spectra in Sahraoui et al. 2009, 2013)   



Polarized fluctuations  
(spectra with bumps, knees, breaks…) 

�⇥
xy

= ⇥
y

� ⇥
x

= 90� ! RH

Parallel whistlers with RH-polarization 

[Lacombe et al. 2014] 
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Observed compressibility vs expected one for KAWs 
Whistler mode compressibility depends on k-direction, but not on plasma β.  
KAWs compressibility (in electron-reduced MHD) ~ on βp and βe, not on k: 

The observed compressibility C=P||/Pperp is the one expected for KAW, f<20 Hz. 

[Boldyrev et al. 2013,  
TenBarge et al. 2012, 

Schekochihin et al. 2009] 

For all analysed frequencies: 
C 
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Nature of fluctuations at f >15-20 Hz:  
slow-ion acoustic modes ? 

We observe correlations of P||/Pperp with 1/Vsw or with Te/Tp at f>20 Hz. 
 
Larger values of Te/Tp increase the damping of KAW for βp>0.3 [Schreiner and Saur, 
2017] favour the presence of slow-ion acoustic modes [Gary, 1992; Krauss-Varban et 
al., 1994; Camporeale and Burgess, 2011]. 
 
So, we suggest that at f > 15-20 Hz, turbulence is dominated by slow-ion acoustic 
type of fluctuations, which  
(i) can be less damped than KAW for large enough Te/Tp 
(ii) have a compressibility larger than the KAW compressibility  
(iii) can propagate without strong damping at oblique or small angles with Bo. 



Wavelets is a powerful tool to detect coherent structures ! 

•  Haar wavelets (Step function ~ structure functions) => planar 
coherent structures 

•  Morlet wavelets => cylindrical structures, solitons, ect… 

Haar: Morlet: 


